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Abstract. We investigateheastrometricontentof CCD chageimagesof starscollectedin time delayintegration(TDI) mode
with a scanning(rotating)telescopeWe focuson the ESA astrometricspacemissionGaia, but the resultsare valid for other
scanningtelescopesoo. The physicalattitudeof the telescopés shavn to be unobserable. Instead an effective astrometric
attitudeis obsenred which representsan averageover the TDI exposuretime. The effective astrometricattitudes“seen” by
differentinstrumentgin caseof Gaia: Astro, Spectro,Astro with gates)differ in a non-trivial way. If e.g.the high-precision
Astro attitudewould be usedfor the astrometricexploitation of the Spectrodata,the SpectroCCDswould be “seen”to float
aroundon the focal planeby several milli-arcseconds In additionwe find thatthe TDI modeproducesan attitudejitter with
theperiodof TDI clocking. We prove thatthis is negligibly smallin the caseof Gaia.We point out thatthe effective instantof
obsenrationis nottheinstantof chageread-oufrom the CCDs,but abouthalf anexposureime (i.e. upto afew secondsgarlier
Thisis particularlyimportantfor the astrometryof solarsystemobjectsandfor the photometryof rapidly varyingobjects.lt is
alsorelevantfor all otherobjectsbecaus®f thetime dependencef aberrationlt is not clearwhetherthe differencedbetween
the astrometricattitudesof differentinstrumentsequireseparatattitudereconstructionshut an approximatetransformation

from Astro to Spectrgprobablywill be suficient.

Key words. Astrometry— Methods:dataanalysis

1. Introduction
1.1. Scanning CCDs in TDI mode

CCD detectorsllow therecordingof sharplong-exposurem-
agesfrom rotating platforms. This is achieved by letting the
optical image of the obsened object(s)move acrossthe de-
tectorchip atconstanspeeddeterminedy therotationrateof
theplatformandthefocallengthof theoptics)andtransporting
the graduallyaccumulatingohoto-electricchagesat the same
speeddy appropriatelockingof the“parallel” chagetransport
mechanisnof the CCD.

This methodis calledTime Delay Integration(TDI) mode,
or drift-scanmode.Thefinal imageof the obseredobject(s)is
recordedwhenthe imagereacheghe edgeof the CCD where
the serial register (read-outregister) is located.The effective
exposuretiime is thetime it takesthe opticalimageto crossthe
entirelight-sensitve areaof the CCD.

TheTDI modeis usedin scanningspacecraftastronomical
or Earth-observingnes)aswell asin ground-basedstronom-
ical sunwey telescopesin thelatter caseit is the daily rotation
of the Earththatcreateghe scanningmotion.

Sendoffprint requestgo: U. Bastian,
e-mail:bastian@ari.uni-heidelberg.de

A characteristiconsequencef the TDI modeis that the
CCDsdo not produceseparateframes’ having asmary data
pixelsastherearephysicalpixelsonthechip. Insteada ‘semi-
infinite’, continuousstrip of pixelsis deliveredto theuser The
width of this strip (in units of pixels) is equalto the number
of pixel columnsthatthe CCD has.The length of the strip is
limited only by the contiguousstretchof time duringwhich the
TDI modeis operated.

The CCDsonboardGaiawill beoperatedn TDI mode.

1.2. Historical background

Transit instrumentsare the major obsenational devices for
global (i.e. large-angle)high-precisionmeasurementsThis
startedwith muralguadrantsgontinuedhroughvisualfilar mi-
crometerson meridiancircles, photoelectricslit micrometers
on meridiancircles and astrolabesand culminatedin the slit
systemaf the Hipparcosand Tychoinstrumentsn space.

In all thesesky-scanningsystemghelocationof theinstan-
taneouspticalimageof a starwascontinuouslycomparedo
somefiducial line(s)in theinstrumentSo,thegeometridnter-
pretationof a measurementvasrelatively simple. The transit
time ti;, beingthe primary obsenable,is determinedoy three
guantities:
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— thealong-scarangularcoordinatey. of the staronthesky Appendix ?? containsmathematicaldetailsfor a subject
— thealong-scarattitudey; of theinstrument touchedonin Section??.
— the along-scanangular location n, of the fiducial line
within theinstrument 1.4. Application to Gaia
suchthaty.(ty) — ¥i(ty) — 7¢ = 0. All threequantitiesin  Theresultsof this paperwill be appliedto the specificcaseof
this equationwill be preciselydefinedbelow; theinstrumental Gaia,ESAsfutureastrometriandphotometricsurvey mission
calibrationquantity r;; doesnot carry a time argumenthere, (?). Thepresenbaselingechnicaldesignfor this missioncom-
sinceit mustbe assumedo be essentiallyconstantover some prisestwo instrumentsalled‘Astro’ and‘Spectro’. The Astro
prolongednterval of time. instrumeniperformshigh-precisiorastrometrianeasurements,
In ascanningT DI instrumenthe opticalstarimagesmove  plusbroad-banghotometrythelatterin aspecificfocal-plane
acrossa CCD chip, exit the trailing side of the chip andare sectioncalledBroad-Band”hotomete(BBP). The Spectrain-
recordedin the serial register of the chip at thattime. Thus, Strumentonsistsf aMedium-BandPhotomete(MBP) anda
oneis temptedo identify thetrailing edgeof the CCDwith the ~ Radial-\elocity SpectrograpfRVS). All obserationsarecar
fiducial line of the othertransitinstrumentsandtheinstantof ~ riedoutin TDI mode.Dueto differentfocal lengthsof thetele-
read-outinto the serialregisterwith thetransittimet,. Indeed, Scopes(46.70m and2.3m, respectiely) and differentalong-
the astrometrimbsenationequationdor Gaiaarecorvention- scansizesof the CCDs(4500and800 pixelsof 10um, respec-
ally formulatedin this way. tively) theexposurdimesperCCD aredifferent:3.3sfor Astro
However, in all aforementioneéhstrumentshedurationof and12sfor SpectroThisis therelevantdifferencebetweerthe

an elementanyintegration of the moving starimageis shorter instrumentdor thesubjectof the presenpaper

thanthe durationof its actualtransitover thefiducial line. This As theimagesof bright stars(from about12th magnitude)
meanghatin thosecasestruly ‘instantaneousattitudeandstar Would saturatewith a 3.3s exposuretime on the Astro instru-
positionsarerecordedat thetransittime t;. ment, specialelectrodescalled ‘gates’ on the CCDs will be

In a scanningCCD instrumentthis is no longertrue. The  USedto shortertheir exposure.Thereare12 gatesin total, pro-
moving starimagecoversa few (typically 3to8) CDD pixels \{ldlng essentiallya power-of-two seriesof dlffererytexposur.e
alongscan,in orderto satisfythe samplingtheorem(thusnot times,from very short(e.g.0.006s for gateno.3) to intermedi-
to lose essentialspatialinformation). This meansthat it will ~ at€(e.g.0.38s for no.9) andto almostthe full CCD (1.5s for
be registeredwithin a few TDI clock intervals, while exiting  9a&t€no.11). Theresultsof the presenpaperwill indicatethat
the CCD chip. Beforethat,it will typically havetravelledthou- Precisionastrometryusinggateswill behighly problematic.
sandsof pixels acrossthe CCD, graduallyaccumulatingpho- For amoredetaileddescriptionof the technology mission
toelectric chage on the chip. This meansthat the registered Planningandsciencegoalsof Gaiasee?.
imagewill representhe averageof the star’s positionandthe
instruments scanningmotion over a much longer interval of
time. In otherwords, it is no longerrepresentatie of the ‘in-
stantaneousttitudeandstarpositionat thetransittime t;. As a preludeto the definition of spacecraftattitudewe here

briefly recalla numberof basicconcepts.

2. Basic concepts and notations

1.3. Goals of this paper

. i , 2.1. Coordinate systems
In thefollowing we shav thatthe corventialformulationof the

astrometricobsenationequationscanbe keptif the quantities 2.1.1. Equatorial coordinates; the International
containedn themareproperlydefinedandinterpretedWe dis- Celestial Reference System (ICRS)
cussthe consequencesf this approachandidentify a number
of importantimplications.

Section?? presentssomeof the basicconceptsand nota-
tionsneededor thepresentvork.

In Section?? we introducethe centralquestionon the pre-
ciseastrometrianeaningdf TDI data.Thebasicequationgon-
tainingthe answertto this questionarederived.

In Section®? — ?? we discussthe major consequences
for theastrometriattitudemodelling,astrometricsourcemod-
elling andphotometricsourcemodelling.

Section?? briefly discussesheresultsandsummariseshe The Cartesiarunit vectorsalongthe principal axes of the
practicalconsequencesr Gaia. ICRSaredenotedX, Y, Z, with Z pointingtowardsthecelestial
In Appendix?? we give amorecompletemodelof the TDl  north pole, X towardsthe springequinoxandY = Z x X. A

andsimplicity in Section®? — ??. Someof theresultsgive an

a-posteriorjustificationfor the earliersimplifications. u=XX+YY+2Z

Star positions, or more generally directions in the astro-
nomical senseare given in somecelestialcoordinatesystem.
Corventionally this is the International Celestial Reference
System(ICRS). The sphericallongitude and latitude coordi-

natesin this systemare called right ascensior{«) and decli-

nation(6). The fundamentaplane(s = 0) andthe zeropoint

(a = 0) of thelICRS closelymatchthe earths equatorialplane
andthedirectionto thedynamicalspringequinoxat the begin-

ning of the yearJ2000,respectiely. This is why « and¢ are
calledequatoriakoordinates.
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Fig. 1. The satellitesystemyviewing directionsandfield-of-view sys-
tems.Thefield-of-view anglesn,  arenotindicatedseparatelythey
have the sameorigin andorientationasw, z.

with X2 + Y2+ 72 = 1.

2.1.2. The satellite system

For the interpretationof Gaiaobsenationsit is usefulto ex-
pressstarpositions,or moregenerally directionsin a coordi-
natesystemthatis rotatingwith the satellite.This is the satel-
lite systemTheunit vectorsalongthe principalaxesarecalled
X, Y, z, seeFig.??. The zaxisis the nominalrotation axis of
the satellite,with the sunhaving a positive z coordinateduring
nominalscientificoperationsThis meanghatthe zaxis points
towards Gaia’s top coveredby the solararrays.The x axis is
in the planeof the two viewing directions(i.e. the two projec-
tionsof theopticalaxisof Gaias Astrotelescop@ntothesky),
bisectingthe anglebetweenthem,sothatit is y/2 away from
eachof them.Theyaxisis alsoin the planeof the two viewing
directionssuchthatthe system, y, zis right-handedA gen-
eral unit vectoru in the satellitesystemhasdirection cosines
X, Y, z, suchthat

U= XX+Yyy+2z

with x° + y? + 72 = 1.

The nominal rotation of Gaiais positive aboutthe posi-
tive zaxis. The yaxis thus precedeghe x axis on the sky by
90dggyrees.

2.1.3. Field-of-view coordinates

In orderto describeheactualmotion of starimagesacrosshe
focalplaneof Gaia,it is usefulto definetwo coordinatesystems
directly relatedto the viewing directions,.e. to thetwo projec-
tionsof the opticalaxis of Gaias Astro telescopentothe sky.
Thereis onesuchsystenmperastrometridield of view (thusthe
namefield-of-view coordinates)The two systemdiffer from
the satellitesystemby a rotationaroundthe zaxisby anangle
+y/2,wherey is Gaias basicangle,i.e. theanglebetweerthe
two viewing directions.

The meaningof the field coordinatesis also shavn in
Fig.??. Their origin is at the projectionof the optical axis; the
w coordinates reckonedalongthe nominalscandirection;the

zcoordinatds orthogonato it. Theorientationis suchthatstar
imagesmove towardsnegative valuesof w, andthat celestial
objectswith a positive z coordinaten the satellitesystemwill
have apositive z field-of-view coordinateln particular thesun
will have a positive z coordinateduring nominalscientificop-
erations.This somavhattricky definition of the orientationof
thezfield coordinatds necessarpecause.g.thephysicalori-
entationof the z field coordinateon the focal planewithin the
satelliteis notnecessarilyarallelto thez axisof thelaboratory
system.

The unit vectorsalong the principal axes of either field-
of-view coordinatesystemare denotedf, w, z, with z being
identicalto thethird axisof the satellitesystemand

f = xcosy/2+ ysiny/2 = xcosy/2+ fysiny/2,
W = yCcoSy/2F xsiny/2 = ycosy/2 - fxsiny/2,

wheref is thefield-of-view index, whichis definedasf = +1
for theprecedindield of view and f = —1 for thefollowing.

The field-of-view coordinatesare direction cosinesin the
field-of-view coordinatesystemsuchthata generalunit vector
uis

u=uvf +ww+2zz

with v2 + w2 + 2 = 1.
Thefield-of-view coordinatesrerelatedto thecoordinates
in the satellitesystemby the simplerelations

v = XcoSsy/2 + fysiny/2; x=wvcosy/2- fwsiny/2,
w =Yycosy/2 - fxsiny/2; y=wcosy/2+ fusiny/2,
z=12.

2.1.4. Field-of-view angles

For somepurposest is more corvenientto usefield-of-view
anglesinsteadof field-of-view coordinatesThe field-of-view
anglesy and{ areanguladongitudeandlatitudecoordinatesn
thefield-of-view systemsconnectedo thefield-of-view coor
dinatesby

v = C0s{cosy,
= cos/sing,
zZ = sing.

In Fig.?? thefield-of-view anglesn, ¢ arenot indicatedsepa-
rately;they have the sameorigin andorientationasw, z.

For clarity andsimplicity we will usefield-of-view angles
ratherthan field-of-view coordinatesn the remainderof this
paper

2.2. Attitude

Theattitudeof thesatelliteis the orientationof the satellitesys-
temwith respecto the ICRS. It canexpressedy the attitude
matrix A, anorthonormal3 x 3 matrix. Eachline of the matrix
containsthe equatorial(ICRS) direction cosinesof one of the
satellitesystem$principalaxes.Corverselythecolumnsof the
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matrix containthe directioncosinesof the ICRS principalaxes
expressedn the satellitesystem . Symbolically:

Xl
v -
z ICRS
wherethe primedenoteghetransposef avector

Multiplying A with arny vectoru givenin ICRS coordinates

produceghe representatiomf that vectorin the satellitesys-
tem:

MR

Insteadof the rotation matrix A, ary other corventional
mathematicalrepresentatiorof a three-dimensionatotation
canbeused,e.g.ary setof Euleranglesor Tait-Bryanangles,
or quaternions.

Notethatfor aright-handedotationof thesatellitearound
its positive zaxisthe starimagesmove towardsnegative w and
n, seeFig. ?2.

A= (X Y Z)satsyst ,

1)

2.3. Simplifications

For clarity andsimplicity it is usefulto disregarda numberof
theactualcompleities of the Gaiainstrumentsandoperations.
They areirrelevant for the fundamentakffectsto be studied
here;andit is easyto re-instatehemlateronin afull formula-
tion of the problem.

For thepresentvork it is suficientto considerasinglefield
of view. Thuswe sety = 0, the differencebetweerthe satellite
systemandfield-of-view systemsvanishesandapplicationof
the attitudedirectly transformscelestialcoordinatesnto field-
of-view coordinatestesp.angles.

For the presentpaperit is suficientto considera rotation
of the satellitearounda fixed z axis in spacej.e. the attitude
is reducedo a one-dimensionalotationaroundthat axis. For
clarity andsimplicity we chooseto describeit by the third an-
gle of a setof (3,1,3) Euler angles,which usuallyis denoted
by ¢ (thefirst two, usuallydenotedp andé, definethe orien-
tation of the z axisin space)lIn this modelthe optical axis of
the telescopescansalonga greatcircle, with ¥ beinga longi-
tude coordinatealong that circle. Thus, the rotationalmotion
of the satelliteandinstrumentis describedy a functiony;(t),
wheret is sometime coordinateand the suffix ‘i’ standsfor
‘instrument’.

Furthermoret is usefulto describestarpositions,or more
generallydirectionsin theastronomicasensen a celestialco-
ordinatesystemthat is orientedalong the greatcircle of the
scanln addition,for the presentvork we needto consideonly
the along-scammeasurementdone by the Gaiainstruments.
Thus,starpositionscansimply be describedy thealong-scan
angularcoordinatey definedabove. Let usthusdenotea stars
celestialcoordinateby ...

Thetransformatiorof a starpositionto field-of-view angle
thentakesthe extremelysimpleform

1:(8) = . () = () - )

In actual fact this equationis the definition of attitude
(i.e.theequivalentof Eq.(??) in our restrictedmodel).In very
simple,mnemoniovords: Theattitudey; (t) is equalto thelon-
gitude coordinateys on the sky towardswhich the telescope
(7 = 0) looksattimet.

As afurther simplificationwe chooseto usethe following
physicalunits: Anglesaregivenin unitsof thealong-scarsize
of the CCD pixels(projectedbackthroughthetelescopeptics
ontothesky). Time is givenin units of the nominal TDI clock
interval. The nominal scanspeedof the satelliteis thusw =
dyi(t)/dt = 1.

Lastbut not leastwe assumehatthe TDI clocking runsat
the nominalpace,with clock stroke numberzerotaken at the
time origin t = 0. Underthis assumptiorthe time ty at which
clock stroke k is executeds simply tx = k. Let usfurthermore
definethe function k(t) to be the runningnumberk of the last
clock stroke executedbefore (or at) timet. Thenk(t) = [t] =
INT (t). Thisassumptionasall others,aretakenfor clarity and
simplicity only. They are not essentiafor the subjectof this
paperand canbe easilyremovedin a full formulation of the
subject.

2.4. Observation equation for a transit instrument

A scanningCCD in TDI modeis akind of transitinstrument.
Lik e the othertypesof transitinstrumentsnentionedn thein-
troductionit recordsthe transit of optical starimagesacross
somefiducial line in thefocal planeof the telescopeRoughly
speakingtheinstantof transitt; would bethe TDI clock stroke
at which a pixel containingthe centroidof theimageis loaded
from thetrailing pixel row into the serialread-outegister The
role of the fiducial line would then be taken by the centreof
thattrailing pixel row. Later on we shall seethat this concept
needssomerefinement.

Denotingthe location of the trailing pixel row of a CCD
chip by its field angleny (‘tr' standdor ‘transit’), theobsena-
tion equatiorfor analong-scarastrometrianeasuremeribikes
theform alreadyindicatedin theintroduction:

n:(te) — mr = ¥ (te) — ¥i(te) — 7w = 0+ noise. (3)

A morepracticalform to beusedn anactualdatareduction
processs

T]*(ttr) - Umode(ttr) = N — Tlmode(ttr)

= Ayi(ty) + Ay (ty) + Ay + noise.  (4)

wherenmogel IS thefield angleof thestarcomputedrom theap-
proximatelyknown star position, attitudeand instrumentcal-
ibration, and Ay (ty), Ay. (), Any are the sought-forcorrec-
tionsto thoseapproximatevalues.

The actualsegmentedform to be usedin the Gaia Global
Iterative Solution, along with further explanations,can be
foundin Sectionl.5 of ? (Version3 or higher).A very general
form canbefoundin Chapterd, Eqs.(102)— (105)of ?.

3. Optical images versus charge images

In this sectionwe elaboraten thefactthatthefinal imagereg-
istrationin a TDI-operatedscanningnstrumenicontainsacon-
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volution of the sourceposition,attitudeandTDI clockingover
theentireCCD exposurdime. We analysehis mathematically
Fromtheresultof this analysiswe proceedo definean effec-
tive, astrometriattitude.

3.1. Physical pixels versus data pixels

A CCD chip mainly consistsof a rectangulararray of light-

sensitve pixels. This array is finite in both dimensionse.g.
1966pixelsacrossscanby 4500pixelsalongscanfor the Astro

CCDsof the GaiaAstro instrument.Theselight-sensitve pix-

els will be called physicalpixels in the following. The data
from a CCD consistof rectangulararraysof photo-electric
chagesreadout from thechip (anddigitizedfor computeistor

age).The elementf sucharrayswill be calleddatapixelsin

the following. In astronomicabkpplicationsonefinds (chage)
imagesof starsscatterecicrosghe datapixel arrays.

In the ordinary(pointed)operationamodeof CCDsevery
exposureyieldsa datapixel arrayhaving the samedimensions
asthe array of the physicalpixels. Eachdatapixel uniquely
correspondgo a specific physical pixel on the chip. Thus a
clear conceptuaMldistinction betweenphysicalpixels and data
pixelsdoesnot seemto benecessarin this case.

However, this is differentin the caseof TDI data.Here,
thechagein eachdatapixel is producedy all physicalpixels
alongone of the CCD’s columns.The array size of the data
pixelsacrossscanis still the sameasthatof the physicalpixel
array (namelythe numberof columnsof the CCD). But along
scanthe arrayof datapixelsmaybe ‘infinitely’ long.

Let usintroducea numberingschemeor theindividual el-
ementsof the TDI datapixel arrays.The index acrossscanis
simply the index of the column of the CCD chip. It doesnot
matterin the following. The index along scanis the running
numberof the TDI clock stroke at which the pixel wastrans-
ferredfrom the trailing CCD pixel row into the read-outreg-
ister Let usdenotethis index by k. Notethatk correspondso
atime coordinate not to a spatiallocationon the focal plane.
A starimagecenteredn thetrailing CCD pixel row attime ty
would be centeredn datapixel k.

While eachphoto-electrons locatedin a particularinteger
datapixel, the centroidof a recordedstarimagewill (by some
centroidingalgorithm)be determinedasa continuousjuantity
from the distribution of light (chaige) amongthe datapixels.
Thecentroidof a starimagemaythuslie in betweerthepixels.
Let usthereforedefinean along-scarcoordinatex asthe con-
tinuousextension(interpolation)betweertheintegersequence
definedby k. This k corresponds$o a continuoustime coordi-
natein unitsof TDI clock strokes.

In the astrometridnterpretationof the TDI datastream «
will take therole of t; in the obsenationequation(Eq.(??) or
(?7)), andthe centreof thetrailing pixel row will take therole
of thefiducial line at .

Under our presentassumptions(strictly nominal TDI
clockingandty = K) the differentiationbetweent andx may
seemunnecessargnd artificial, but it will be importantin a
practicalmission.

N.«(1) Instantaneous physical location of star images

px.
457.5-
456.5-
455.5-
454.5-

K,(t) Instantaneous data pixel location of star images
pXx.

I I I I I I
N N N N N N

+0.5- c»»»»\»\x
t
05 \\\\\\ _____
tk tk+1 tk+2 tk+3 tk+4 tk+5 t...
N () Physical location of some photo-electron
pXx. ‘
458 e
457 |  — ‘ ‘ ‘ ‘
456 — l : 3 l l l t
455 | : — ‘ ‘

Fig. 2. The locationsof optical starimagesand photo-electronsn
physicalspaceanddataspace Seetext.

3.2. Data pixel location of a star image

Letusnow try to computehedatapixel locationof astarimage
from first principles.Assume- for the moment-—thatthe tele-

scoperotatesatexactly nominalspeedandconsidetheoptical

imageof a starmoving acrossthe focal planeof the scanning
telescopetraversinga CCD. Its field-of-view coordinate;. de-

creasesvith time (seeFig. ??, top panel;thediagonalsolidand
dashedinescorrespondo two starswith slightly differentpo-

sitionsy..). Thuswe maywrite, usingEq.(??):

1.(8) = e = i) -

By definition, the TDI clocking shifts the photo-electric
chageproducedy the moving imagedownwardby onepixel
(in physicalspacej.e.on the CCD) aftereachunit of time, so
asto keeppacewith the opticalimagé-. Turningthis argument
around,we find thatin datapixel spacethe locationof the star
imageis effectively shifted upward by one pixel (seeFig.??,
centerpanel).We may thereforedefinean instantaneouslata
pixel locationof the starimage(more precisely:of its optical
centroid)as

k() = 7.(1) + k(1) + ko = ¥ — i (1) + K(t) + Ko (5)

L Inrealitythechageis shifteddownwardsby aquarterof thephys-
ical pixel separatiorat eachclock stroke in the caseof Gaias CCDs.
Thisis anirrelevantdetailfor thefollowing considerationsexceptfor
thenumericalvaluesat the endof Appendix??.
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Fig. 3. Thedatapixel locationsof optical starimagesat nominalscan
speedSeetext for details.

asshownin Fig. ??, centempanel.Here k(t) is therunningnum-
berof thelastTDI clock stroke beforetimet andxg is aninitial
valueof «.

Themeaningof xp canbeillustratedby thefollowing rough
considerationAccordingto Eq.(??) at transittime we have
k:(tr) = t¢ = e + K(ty) + k0. ASsumingan integert, we fur-
thermorehavek(ty) = ty, andthusO = iy + kp. In otherwords:
Underour presentissumptionsy is thenegative of thelocation
of thefiducialline.

We canthusrewrite Eq.(??) as
k(1) = Y — 4 (1) — e + K(t) = 7.(1) — 77 + K() . (6)

In a practicalmissiontherewould in additionbe contritu-
tions of k(0) andthe basicangle+y/2 to kp. In ary casekg is
aninstrumentaktalibrationquantity

Notethatfor the solid diagonallinesin the upperandcen-
tral panelsof Fig.?? the centroidof the starimageis arbitrar
ily assumedo enterthe CCD, i.e.to coincidewith theleading
edgeof thefirst pixel row, exactly attime ty of someTDI clock
stroke k.? If thecentroidof thestarimagewould enterthe CCD
atsomeslightly latertime, its instantaneoudatapixel location
wouldfollow thedashedine.

The bottom panel of Fig.?? shows, for comparisonthe
physicallocationof a particularphoto-electrornsidethe chip.
Its time dependencis completelydifferentfrom bothz..(t) and
k«(t). Here,the electronis assumedo be createdn the phys-
ical pixel locatedat = 458 at somearbitraryinstantof time
(circle). The datapixel location of the electronis constantin
time.

Fig.?? shavs an enlagementof the central panel of

S
n
I
|

T l enter T

enter

Fig. 4. The datapixel locationsof optical starimagesat non-nominal
(higher)scanspeedSeetext for details.

3.3. Optical images versus charge images

Theprecedingsectiondealtwith instantaneouspticalimages.
However, thisis notwhatis readoutfrom the CCD. Insteadthe
measuredsignal consistsof the accumulatecthage over the
entire exposuretime. The decisve questionin the astrometric
interpretatiorof TDI datais:
Whatis the data pixel location of this charge image? More
precisely:Whatis the datapixel coordinatex, of its centroid?
The answeris that the accumulatecdthage representshe
average of the datapixel locationof theinstantaneoustarim-
age over the exposuretime. Let us denotethe startand end
pointsof theexposuretiime for a givenimageastenerandticae,
thedifferencebetweerthetwo aste,. Then

1 leave
Ke = — K.(t)dt . )
t@(p temer
InsertingEq.(??) for «.(t) wefind
1 leave
Ke [ (1) — i (t) + k(t) — ] OIE . (8)

- t@(p temer
Assumingy.(t) = constoverthe exposuretime, we have

teare

[k(t) — ¢i(O)] dt

Ke = Yo =i +

@(p tenler

1 tieare 1
= f k(t)dt — —
top Jtenier texp

This is the centralequationthatwill be investigatedn there-

leae

gi(tdt .

tenter

= lh‘ﬂtr"‘ (9)

Fig.??, Fig.?? shows the samefor the caseof a non-nominal mainderof this paper Note that— for a given physicalattitude
(slightly higher)scanspeedIn thelattercasetheinstantaneous ;(t) — the quantity «¢ is a function of . only. The integral

field angleof the opticalimagedecreaseby slightly morethan
one pixel during eachTDI clock interval, yet eachTDI shift
is only one pixel upwards.Thus,in additionto the sav-tooth
patternof Fig.?? thereis alineartrendin «.(t).

2 Accordingto the usualcorventionsfor CCD data,the centerof a

pixel hasintegerpixel coordinatesi.e.theedgeof apixel corresponds

to thefractionalpartof the pixel coordinatebeing0.5.

limits aredeterminedy .. via

U*(tenter) = Nenter= ¥« — ¥i (tenter)

and

77*(tlea\/e) = NMeave = Yx — ¥i (tlea/e) s

3 Thesuffix ‘c’ standgor either‘charge’ or ‘centroid’ or both.
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wherenenter aNd ieae are the field anglesof the leadingand
trailing edgesof the CCD, respectiely.

Note furthermorethatin generak. is notequalto «.(ty)!

Equationg??) to (??) assumehatthe starimageentershe
CCD at a definitetime and suddenlystartsto producephoto-
electricchage at the full rate.In actualfactthe starimageis
extended,mostly dueto the %‘ diffraction pattern,andto a
lessemextentdueto diffusionof light insidethe CCD chip. Thus
it will graduallystartproducingchageaccordingo theportion
of light flux falling onto the chip. A more generaland more
preciseform of Eq.(??) thereforeis

%=f£5&fmdmmm,

wheree(t) is the‘exposurefunction’,i.e. theinstantaneousate
(or ratherproportion) of starlight actually producingphoto-
electronsattimet. Equation(??) in this sensecorrespondso a
box-shapedxposurefunction. Note thattherealisticexposure
functionis indeedcloseto box-shapedsincethe width of the
CCDisthousandsf pixels,while thewidth of theimageis just
afew pixels.

Theexposurgunctioncancarrymoreinformationthanjust
the shapeof the opticalimage:A non-zeroCT] (i.e. a loss of
partof the generate&hagesduringthe TDI transport)would
be representedby a slopeof the flat ‘roof’ portion of &(t); a
blockedCCD columnwould berepresentetly aone-sidectut-
away portionof e(t).

The term e(t) in Eq.(??) is an abbreviated notationused
for clarity. In that notationeachstarimagewould have a dif-
ferentexposurefunction. In actualfact,all exposurefunctions
have (almost)the sameshape put are shiftedin time accord-
ing to teneer for eachstar So, a more completenotationwould
be e(t — tente) in bothintegralsof Eq.(??). For anon-nominal
scanspeedonewould have e(wt — wtente) iNstead.And for a
non-uniform(i.e.realistic) CCD chip onewould have onesuch
functionfor eachCCD column.

(10)

3.4. Astrometric attitude

Section?? hasclarified that k¢(i..) is the primary astrometric
obsenableof Gaia. The basictaskof the astrometricdatare-
ductionis to derive the starpositiony.. from «.. Equation(??)
tellsusthatthisis only possiblewhenat the sametime we de-
rive somecalibrationandattitudeinformation.

In Eq.(??) the primary obsenablex. is not determinedby
the physicalattitudeat sometransittime. Instead,it contains
anavelage (runningmean)of the physicalattitudeover an ex-
tendedinterval of time. It is mathematicallympossibleto re-
constructa generafunctionfrom a runningmean.This means
thatthe physicalattitudecannotbe derivedfrom the CCD data.
It is strictly unobserable.

If, in spiteof this complication,we still wantto regardthe
scanningCCD asatransitinstrumentj.e.if we wantto useob-
senationequation®f theform of Eq.(??) (or (?7)), wehaveno
choicebutto replacethe (unobserable)quantitiescontainedn
Eq.(??) (and(??)) by the actualobsenablesof the TDI mea-
suring processThis leadsto the definition of an effective or

apparenastrometriattitude.For brevity we call it astrometric
attitudein thefollowing. In analogywith . —andto distinguish
it from thephysicalinstrumentattitudey; —we denoteit asy.,
wherethe suffix ‘c’ may standfor either‘charge’ or ‘centroid’
or both.

Considera star having along-scarcoordinatey. and ob-
seneddatapixel coordinatex(¥.). Thenwe identify «; asthe
obsenabletransittime t;; andsimply definethe astrometricat-
titudey(ty) asfunctionof t; by

Yelke) = Yelty) = ¥ —

in analogywith Eq.(??).

Assumethatn, = O (thisis not arestrictionon the gener
ality of our considerationssincethis canalwaysbe achieved
in practiceby a simpleshift of then origin onthefocal plane),
thenwe have:

Yety) = Yelke(y)) = ¥ -

Sotheastrometriattitudeis definedastheinversefunction of
kc(¥.)- Thismaybeanun-intuitive conceptput it wasunknaw-
ingly implied by all pastdescriptionf Gaiaastrometryboth
in publicationsandin technicaldocuments.
Theredefinedbbsenationequatiorthenreads

(11

n«(te) — e = ¥ — Yelke) — ner = 0 + noise

in analogyto Eq.(??), andthe more practicalform in analogy
to Eq.(??) becomes

Tt — Nmodel(kc) = AYi(kc) + Ay + Any + Noise.

4. Astrometric consequences |: Attitude modelling

The analysis of Gaias obsenation processintroduced in
Sectior?? hassomeimportantconsequenced.he conceptof
astrometriattitudeis soun-intuitive thatits consequencesan
only beillustratedin afew idealizedcasesHowever the main
resultsarefully valid in moregenerakcasesaswell.

In Appendix?? we will demonstratehat for suficiently
large Npx, andfor scanspeedsot too far from nominal, the
discretenessf the chage shifting doesnot causeary impor-
tanteffects(in factthereis a TDI-inducedperiodicijitter, but it
will be shown to be negligibly small). Solet us make another
approximationandassumecontinuousshifting of the chages,
i.e.verytiny pixels.Again, thisapproximatioris for illustration
purpose®nly. The completealgebrawith the discreteshifting
over afinite numberof pixelswill begivenin Appendix??.

4.1. Constant, nominal scan speed

Let ustake the definition of ., Eq.(?7?), andidentify r; with
thetrailing edgeneae Of thetrailing CCD pixel. Then

1 leave

v meat - [ KO- w@]k.
e(p temer

With continuousshifting of chage,i.e. k(t) = t we have

teare

[t—vi(®]dt.

tenter

1
Ke = Ys — Meave + T—
t@(p
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With constantpnominalscanspeedi.e. yi(t) = o + t we have

tlea/e

c = Y. — Ulea/e+t_ [t—t—yo]dt
@(p tenler
1
= Yy — Nieare — t_WO[tlea/e - tentea
exp
= Y. — Meae — Y0 .

With the definition of the astrometricattitudey. beingthe
inversefunction of «, i.e. with Eq.(??), we thus have (after
simply solving the previous equationfor .. andinsertinginto

Eq.(??)
lﬁc(Kc) =Y — Nieave = Kc + Yo = Wi(Kc) .

In otherwords:At strictly nominalscanspeedhephysical
andtheastrometriattitudeareidentical. This seemingltrivial
resultnothingbut shows that we have developeda reasonable

overall concept.In the simplestpossiblecase the astrometric v

attitude(in properlyscaleddataspacej)s identicalto the phys-
ical attitude(in realspace).

4.2. Constant, non-nominal scan speed

We againstartwith Eq.(??), introducingcontinuousshifting of
chage (k(t) = t) andphysicalattitudey;(t) = yo + (L + A )t to

find
1 leave
Ke = Wi — Meae + — " f [t— (1 + ALt —yo]dt
@(p tenler
leave
= Yu — Neae + . [-ALt = o] dt
@(p tenler
A leave
= Y — Meave — Yo — t f tdt
@(p temer

Aw 1, 1,
Vi — NMeave — Yo — — Etlea/e - Etenter
P

= s — Meae — Yo — [tlea/e (tlea/e - texp)2]
exp
A
= Yy — Meae — Yo — [Ztlea/etexp tép]
2exp
1
= Yu — Nieave — Yo — Ay |tieae — Et@(p . (12)

Before we can evaluatethis further we have to compute
tieave aNdte. We denotethefield anglesof theleadingandtrail-
ing edgesof the CCD by nenter andnieare, respectiely. We fur-
thermorenotethatthe differencebetweerthetwo — in thecase
of real, extendedpixels — is equalto the numberN,, of pixel
rows alongscanwhichin turnis equalto the exposuretime at
nominalscanspeedv = 1. For clarity we denotehis difference
by Npx, althoughthe assumptiorof continuouschage shifting
implicitly meandnfinitely mary, infinitely smallpixels.Then:

t _ Ve — Y0 — Meave
e = TR,
t — Yo — Yo — 77enter e — Yo — Meave — pr
enter 1 n A 1 n Aw .
N
top = ——

1+A,

Insertingthesevaluesinto Eq.(??) yields

_ _ RV Vi — Meare — Yo A, pr
Ke = Y — Neae — Yo Aa)( 1+A, )+ 2 1+A,
A A,
= . |1- - 1-
v ( 1+Aw) mea/e( 1+Aw)
A, A, Npx
—unll= -
‘”0( 1+Aw)+ 2 1+ 4,
Notingthat1 — - T = 1+A wefind
1 1 1A Nox
e =V A, T Meae T T YO At T A

As in theprevioussectionwe canform theinversefunction
by solvingthis equatiorfor . to find

Npx
= (1+ Ay) ke + Meae + Yo — Aw7 (13)
And with Eq.(??):
Yelke) = e — Meae = (L+ Ay) ke + o — A % (14)
pr
= Yilke) = Au— # Vilkc) (15)

In this casethe physicalandthe astrometriattitudeareno
longeridentical! FromEqgs.(??) and(??) we:

PX

lﬁc(Kc) = (1 + Aw) Kc + lﬁo (1 + Aw)A m
_ Nox
= i (Kc - Awm)
texp
- v (Kc s ) : (16)

In otherwords: For a constantsatellite rotation rate that
differsfrom thenominaloneby A, theastrometriattitudeis a
retardedversionof the physicalattitude— retardecoy A, t%p .

4.3. A sudden jump in scan speed

We briefly explain how asudderjumpin physicalscanspeed
would appeain theastrometriattitude. Thealgebrais lengthy
but simple,asin the previoustwo casesKnowing theoutcome
of the previoustwo sectionsthe resultis quite easyto under
stand.

Let usassumehat beforethe jump we have nominalscan
speedlt is obviousthatsometime beforeandsometime after
thesudderjumpin scanspeedve have thesituationsdescribed
in the previoustwo sectionsThis is illustratedby the left part
andby the straightportionsof the two lower bold linesin the
right partof Fig. ??. In betweentheremustof coursebe some
transitionbetweenthe two situations.In the representatiomf
Fig. ?? thattransitiontakesthe shapeof a parabola.

In mathematicaterms:A suddendiscontinuityin the first
derivative of the physical attitude (i.e. in the scanrate) is

4 This could be affectedby a micro-meteoroichit or by anattitude
controlgasjet firing.
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N ! .
nominal scan speed ' non-nominal scan speed

_ =
3’]1 :$nom ; A (2 :3;c1.-o_ t;»\::o ) /2
c nom !
physical
physical i

Fig. 5. Physicalattitudey; andastrometricattitudey. asfunctionsof

time. For clarity andeaseof presentatiorthedifferenceo thenominal
attitudeynom is plotted,whereynom is the attitudefor constantnomi-

nal scanrate.At someinstantof time (marked by the vertical dashed
line) a suddenchangein the physicalscanrateis assumedFor more
explanationsseetext.

. ! .
nominal scan speed ' non-nominal scan speed

_=

physical

physical

1.0000

thashed area:ilag in angle!

t

0 (Astro) (Spectro)

Z‘exp Z’exp

Fig. 6. Scanrates,i.e. time derivatives of the physicalattitudey; and
astrometricattitudey. asfunctionsof time. As for Fig.?? a sudden
changein the physicalscanrate is assumedat the instantof time
marked by theverticaldashedine. For moreexplanationsseetext.

smearednto two separata@iscontinuitiesn thesecondderiva-
tive of the astrometricattitude. The two discontinuitieshave
differentsigns,are separatedy te, andhave absolutevalues
of +Aw/te. The netresultis that, asderivedin the previous
section,the astrometricattitude eventually ‘lags’ behindthe
physicalattitudeby te/2 in time,andby A, tep/2 in angle.

An even more graphic and plausible presentatiorof the
samefactis givenin Fig.?? by plotting the derivative of the
attitudeinsteadof its differenceto the nominal. Chagesread
out from the CCD beforethe instantof the discontinuitydo
not know arything aboutthe future. Thus the astrometricat-
titude derived from them representghe nominal scanspeed
(left). Chagesreadout morethante, after the discontinuity
have “seen”only theincreasedcanrate. Thusthe astrometric
attitudederivedfrom themrepresentsheincreasedscanspeed
after the jump (right). Chagesreadout tep/2 after the jump
have experiencedhe nominalscanspeedover half of the ex-
posurdime,andtheincrease@neovertheotherhalf. Thusthe
astrometricattitudederived from themindicatesa scanspeed
halfway betweernthetwo othervalues.

The characteiof the astrometricattitudefor moregeneral
casesis easyto deducefrom the above considerationsit is
a smoothedand somavhat ‘retarded’ averageover the physi-

cal attitude.A slow sinusoidalvariation of the physicalscan
speedfor instancewould be transformednto a phase-shifted
sinusoidalwith a very slightly reducedamplitude.For a quick
sinusoidalvariationthe remainingamplitudewill stronglyde-
pendonthe precisefrequeny (beingzeroif the exposuretime
is an integer multiple of the period of scanspeedvariation),
while the phaseshift alwaysremainsattheequivalentof teg/2.

4.4. Different attitudes in different instruments

As alreadyindicatedin Figs.?? and??theastrometriattitudes
aredifferentfor differentGaiainstrumentspecauseheir expo-
suretimes are different. They would be identicalif andonly
if the physicalscanspeedwould be strictly constantover the
wholemission(whichit is not). Thisis themostimportantfind-
ing of this paperlt is alsothe onewith the greatestaistrometric
effect.

Thatthe effectis very big will be demonstrategresently
But moreimportantly, it is easyto show thatthe differencebe-
tweenthe astrometricattitudesof differentinstrumentsfor a
real (unknown) physicalattitudeis highly non-trivial (in con-
trastto the impressiongiven by the idealizedcasediscussed
in the previous section).In Appendix?? we prove that even
in the absencef ary noiseit is mathematicallyimpossibleto
computethe astrometricSpectroattitudefrom the astrometric
Astro attitude,or vice versa.

However, thetruemeaningof thequantityA,, introducedn
Sectior?? is not a deviation of the actualphysicalscanspeed
from the nominal one, but a deviation of the TDI clock rate
from the actualphysicalscanrate. Thus,the newly discovered
‘attitude lag’ effectwould disappeaif onewould usethe cor-
rect TDI clock rateat all times. But suchdeviations between
theTDI rateandthephysicalscanrateareuna/oidablein prac-
tice. Thereis no way to obtaina suficiently precisereal-time
knowledgeof the physicalscanrate’. Furthermoresuchdevi-
ationsareperfectlyacceptabldor the mission.If they arekept
within reasonablémits they will nothaveary significanteffect
on the astrometrigprecision,nor on the photometricprecision
or theangularmresolutionof theinstruments.

In the Gaia astrometricinstrumentsand photometersthe
corepeaksof the optical point-spreadunctionshave a diame-
ter of four or five pixels. An unavoidableTDI smearof half a
pixel  is addedto this, dueto the saw-tooth patternin Fig.?2?.
As long asthedeviation betweerthe TDI rateandthephysical
scanrate doesnot causemorethan, say half a pixel of addi-
tionalimagesmeaytheimagesarenot significantlyaltered.

To determineon the size of the ‘attitude lag’ effect, let
us assumea (practically negligible) 0.1-pixel smearover the
Astro CCDs with 4500 pixel rows along scan.Thus A, =
60"/s/10/4500 = 1.33mags. This (not quite incidentally)is
thetypical peak-to-alley variationof the ‘absoluterate error’

5 This wassomaevhat differentfor Hipparcos.Therethe sky map-
persyielded an independenscanvelocity estimateof suficient pre-
cision. For Gaiathis would necessitateentroidingandcalibrationof
sky mapperimagesto 103 Airy diameterswhich is unrealisticbe-
causeheseimagesarenotwell sampled.

6 morepreciselyhalf a quarter pixel, seeFootnote??.
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for Gaiafrom the attitudesimulationspresentedn Fig.3.5.5-
A of the Final Reporton the Gaia SystemLevel Technical
Reassessmetudy(?).

Table?? presentsherelevantnumericalvaluesfor the var
ious Gaiainstrumentsalongwith theresultingsizeof the‘atti-
tudelag’ effectwith respecto the astrometricattitudederived
from Astro measurements.

Thus, if onewould naively use the high-precisionastro-
metric attitude from Astro for the astrometricinterpretation
of Spectromeasurementg]iscrepancie®f the order of sev-
eral milli-arcsecondswould arise. Since thesediscrepancies
would vary with time (in parallelto thetime variationsof A,,),
but would at ary time be identicalfor all simultaneouslyob-

sened stars,onewould interpretthem as a time dependence

of the geometriccalibrationof Spectro.In otherwords: The
SpectroCCDs would apparently‘float around” on the focal-
planeassemblyby several milli-arcsecondson timescalesof
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Table 1. The sizeof the ‘attitude lag’ effect of various Gaiainstru-
mentswith respecto Astro, the mainastrometridnstrumentThe as-
sumednumericalvaluefor A, is 1.33mags, asexplainedin the text.
The abbreiation ‘St. Tr” meansthe Gaia star trackers, assumedo
have essentiallyzeroexposuretime.

Instrument texp [Atep/2]  Aw|Ateqp/2]
Astro 3.3s - -
Spectro 12.0s 4.3s 5720uas
St.Tr. 0.1s 1.6s 2130uas
Astro,gatell  1.5s 0.9s 1200uas
Astro,gate9  0.38s 1.46s 1940uas
Astro,gate3  0.006s  1.65s 2200uas

3, the remainingerror would be of the orderof 110uas. This
is of the sameorder of magnitudeasthe pixel-periodicijitter
effect(seeSection??) andmuchlargerthanwhatis ervisaged

theorderof 50s(seethe alreadymentionedrig. 3.5.5-Aof the  55measuremengrecisionfor bright stars.

FinalReportontheGaiaSystenl evel TechnicaReassessment

Study(?)).

This is not just a funny oddity, but would have real scien-
tific drawbacksif unaccountedor. This will be discussedn
Sections?? and??.

Note that the biggestnumberin Table?? hasno scientific
effect. In the Spectroa shift of 5.7mas correspondgo only
0.02"Airy” radii of the optical point-spreadunction,or a shift
of 0.08kmy/sin radialvelocity.

4.5. Separate astrometric reductions for different
instruments?

The statementhatit is mathematicallyympossibleto compute
the astrometricSpectroattitudefrom the astrometricAstro at-

titude (or vice versa)leadsto the question:Would it thus be
necessaryo performseparat@astrometriaeductiondor differ-

entGaiainstruments?

Theansweiis no. Firstof all, thesourcegparameterandthe
global parametersare independenbf the instrument(except
for the unresohed binaries).Thus the steps‘source process-
ing’ and‘global processingbf Gaia’s Globallterative Solution
(GIS, see?, Section9.5,and?) neednot berepeatedSeparate
calibrationprocessings necessanaryway, regardlessof the
‘attitude lag’ effect. Consequentlythat effect would at most
force separatattitudeprocessings-if no bettersolutioncould
befound.

An approximatesolutionis suggestedy Fig.??: If A, is
sufficiently constantover time intervals longer than the rele-
vant exposuretimes, we can use Eq.(??) or (??) to correct
for the ‘attitude lag’ effect. More quantitatiely, after sucha
correctionthe remainingerror would clearly be of the order
of (Atep/2)?dA,/dt. Again using the characteristicsof the
physicalattitudeindicatedby the afore-mentionegimulations
(specifically:assuminga quasi-sinusoidatariationof A,, with
a peak-to-pealamplitudeof 1.33mags anda typical periodof
100s) theremainingerrorwould be of the orderof 770uasfor
the correctionfrom Astro to Spectro.This is closeto negligi-
ble. In the caseof the correctionfrom Astro to Astro gateno.

Thismeanghatin thecaseof the Spectranstrumenanex-
tremely simple a-posterioricorrectioncould reducethe prob-
lem to acceptablelevels — if the physical attitude is suffi-
ciently smoothon timescalesof a few exposuretimes. Note
thatthe amplitudeof thevariationsin physicalscanrateenters
the remainingerror only linearly, while their frequeng enters
guadratically The actualquality of the simple correctionwill
have to be investigatedurther, usingmore detailedcharacter
istics of Gaias expectedphysicalattitude.lt maywell turn out
that separatattitudereconstructiongre indeednecessaryor
the differentinstrumentsHowever, the rough estimatein the
precedingparagraphmakesthis appeamnotverylikely.

5. Astrometric consequences ll: Source modelling

Throughoutmostof Section®? and?? we have assumedhat
the properdirection to the obsened sources(representedy

¥.) doesnot changeover theexposuretime. In reality, thefirst

termin thecentralequationnvestigatedn this papenEq.(??))

is an integral over the exposuretime aswell. From Eq.(??)

it is obvious that the true meaningof .. in all equationsof

Section®? and ?? is the averageof y.(t) over the exposure
time.

For all objectswith sufficiently small (andor suficiently
smooth)changesof properdirection over the exposuretime,
this canbe approximatedy . (tr — tep/2).

More precisely andfollowing Eq.(?7?), the effective time
of obsenationis

tobs = ——— 1 f e(t)tdt .
[ e(tydt J-o

Using v.(ty) insteadof .. (tops) Would causeparticularly
strongastrometriaiscrepancies the caseof solarsystemob-
jects.A typical minor planetobsenedby Gaiahasanapparent
motionof theorderof 0.5’/hto 1'/h,i.e. 8magsto 17mags.

Theeffectis alsorelevantfor stars.For Gaiathe aberration
of starlight changesby up to 4 uags due to the heliocentric
acceleratiorof thespacecrafffor ageocentriorbit theeffectis
two ordersof magnitudegreater)Neglectof thiswould causea

17
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quasi-sinusoidalariationof Gaias basicanglewith theperiod
of thespacecraftotationandanamplitudeof up to about6 uas
(for the Astro instrument).

Thereis aninterestingconsequencef Eqs.(??) and(??):
Both the effective .. (from Eq.(?7?)) aswell asthe 'attitude
lag’ effect(from Eq.(??)) will bechangedf thereis a blocked
CCD column.Thismeans:

1. Blocked CCD columnswill have avery noticeablesystem-
atic astrometriceffect.

2. This effect can be usedto find the along-scardocation of
theblock onthechip.

6. Astrometric consequences lll: CCD gates

The resultsof the precedingwo sectionsare of particularim-
portancefor the reductionof bright starswith Gaiaif CCD
gatesare be usedfor their measurementThe gateswill lead
to very shortexposuretimesfor bright stars.Thustheir actual
time of obsenrationwill be very closeto the readoutinstant,
andthe astrometricattitudethat they ‘see’ will include much
moreshort-periochoisethanthatfor thefainterstars.

Thereis afurther effect of the gates:If the gatesareto be
usedto acquireaninitial attitude,the ‘attitude lag’ effectwill
belargely absenfrom thatattitude.It will appearhowever, as
soonasthe full Astro CCDsareusedin the operationahigh-
precisionreal-timeattitudecontrolschemeWe guesshatthis
hasno practicalconsequencegut may be relevantfor Gaia’s
attitudecontrolsystem.

7. Photometric consequences: Source modelling

All thatin Section?? wassaidaboutsourcepositionof course
holdsfor sourcebrightnessaswell. Theeffective time of obser
vationfor Gaia's photometryis nott;. but half anexposuretime
(i.e. up to a few secondskarlier For a photometristwho is
usedto long exposuresand,at the sametime, rapid changeof
hig’hersourceparameterghisis atrivial statementit is added
herefor completenessnly. With the shortexposuretimes of
Gaiathe differencebetweert;, andthe meantime of obsena-
tion will be photometricallyrelevant for very few sourcesijf

ary.

8. Discussion and conclusion
8.1. General

We have found a mathematicallystrict definition of an astro-
metricattitudefor obsenationsdonein TDI mode.This defini-
tion

— retainstheformalismof atransitinstrumentandputsit on
afirm mathematicahndphysicalbasis,

— reflectsthetime-averagingnatureof the measuremeniro-
cess,

— usesonly theactualobsenablesfrom the TDI output.

Any alternatve definition of theattitudewould notremove
the effectsdiscussedn Section®? and ??, but would only

11

malke themmore obscure. The attitudes'seen’ by instruments
with differentexposurdimesareintrinsically differentbecause
they areaveragesver differenttime intervals. This cannotbe
eliminated,asshovn in Appendix??.

However, in practicethiswill notbeaproblem asarguedin
Sectior??: A verysimpleapproximatdransformatiorbetween
differentinstrumentswill normallyyield sufficiently high pre-
cision. Only very repid changedqdiscontinuities)of the scan
ratemay have a practicaleffect.

Similarly, theconsequences ouranalysison sourcemod-
elling (Section®?to ??) areimportantin size,but aretrivial to
implement.

8.2. Practical consequences for Gaia

Thepracticalconsequencdsr the specificcaseof Gaiacanbe
summarise@sfollows:

— The traditional formulation of the obsenation equations
canbekept.

— Thetraditionalformulationof thedatareduction especially
of attitudedeterminationcanbekept.

— The time lag effect must be taken into accountwhenin-
strumentsof differentexposuretimesare involved. In the
presenGaiadesignthisis relevantonly for obsenationsof
bright starsusingCCD gates.

— Thesourcemodellingmusttake into accounthe difference
betweerthe effective time of obsenationandreadoutime.
This is especiallyimportantin the astrometryof asteroids
andin the photometryof rapidly variablestars.

— All this mustbeincludedin the Gaiasystemsimulatorand
in the Gaiadatareduction.

— For bright starsobsened with gates,three problemsoc-
cur: reducedattitudesmoothing,large time-lag effect and
reducedveraging-oubf CCD irregularities(pixel-to-pixel
variations).This mayarguein favour of bright-starastrom-
etry usingdiffractionspikesratherthanusingthe gates.

Appendix A: Detailed algebra

In this sectionwe will demonstratehat for scanspeedshat
will notdeviatetoo muchfrom thenominalonethereis a TDI-
inducedperiodicijitter in the caseof incorrectclockinganda
non-integer exposuretime (andonly in this case).Ilt alsowill
be shawvn thatthis effectis negligible for typical CCD sizesof
afew thousandpixels. Unlike in Sectiond we will notassume
continuousshifting but discreteshifting, andthereforeretroac-
tively justify theresultsof thatsection.

A.1. Correct clocking

For simplicity let us definethe attitude of the instrumentby
Ui(t) = wt = t (seeSection??). Thisis alwayspossiblefor a
satelliterotatingwith nominalscanratebecausehe zeropoint
of thelongitudecoordinateonthesky canbechoserarbitrarily
(seeEg. (??)). Thusthe instantaneouslatapixel location of
a starimageis «.(t) = ¢. — t + k(t) — ny (EQ.(??)) with ny



o 2, 4 8, 8
ten(er t

.

Fig. A.1. Thecomputatiorof theintegral of the stepfunctionbetween
tenter aNdtieqe; this integral equalsthe differenceof the two areason
theright-handsideof the sketch.

offsef from nieae DY 7 = Meare — % Withoutlossof generality
we setneae = 0; the zeropoint of the field-of-view angleis

likewisearbitrary Theinstantaneoudatapixel locationof the
starimageis therefore

k() = 1//*+%—t+k(t).

The datapixel locationof the centroidof the starimageat ary
timetisthen

1 t
ke(t) f k(1) dr
t- tenter tenter

voel 1,
= « - — T
2 2(t - tente[)

Accordingto Fig. ?? theintegral of thestepfunctioneasilycan

beexpressedby thedifferenceof thesurfaceareabelow thestep
functionin theinterval [K(tentep, K(tieave) + 1] andthetwo shaded
stripsshown in the right-handpanelof Fig. ??2. Thereforewe

find

t 1 t

t- temer tenter

k(r)dr.

tenter

k(t)
t — Grter " 1 Z i
2 2(t —tented)  t— tenter i=k(tented

— ((tenter— K(tenten)K(tenten + (K(t) +1 - t)k(t))]

k(t)
| —
t- tenter[z =

K(tenten)K(tenten + (K(t) + 1 — t)k(t) .

t- tenter

ke(t) =

12—t
S enter
2 2(t - ten[ea

k(tented—1
. J

_ (tenter -

Sincethesumof thefirst n naturalnumberds %(n2 +n) wecan
rewrite thisas

1 t tgnter 1

2 2(t - ten[ea

ke(t) = Y +

t- tenter

: [E (K2(0) + k(1)) - > ((k(temer) — 1)% + Ktented — 1)]

" ny andnieqe differ by (nearly) half the size of one pixel because

the centroidsof the optical and the chage imagesdiffer by exactly
thesameamountrespectiely. Thereasorfor thisis thatthe centroid
of the chage imageis the averageof the datapixel location of the
instantaneoustarimageover the exposuretime (seealsoSectiorn??)
This centroidwill lie half a pixel behindthe centroidof the optical
imageat the endof the exposuretime for all starsthatenterthe CCD
at exactly a TDI clock stroke, and very nearto half a pixel behind
thatimagefor all starsenteringthe CCD at somearbitrarytime for
sufficiently large Npy.
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s Kk (D=,

k(t) -,

0.5 -0.5

s k (0=,

k(t)—y,

s
=}
|

k(t, . k(t )+1 k(t

enter-

)+2 k(t
t

)+3 k(tenter)+4 k(tleuve)

enter) enter- enter-

Fig. A.2. k(t) — .. (dashedpndk.(t) - .. (solid) asafunctionof timet
for correctclocking. Thedottedline indicatestheresultx(f) — ¢, = 0
for arny f = tener + N, N @ naturalnumber The upperplot displaysthe
resultsfor anintegertenes thebottomplot shaws theresultsfor anon-
integertenter

_ (tenter— K(tenteD)K(tente) + (K(t) + 1 — t)K(t)

t- tenter
1
=Y+ - - E (t + tente

n kz(t) +K(t) - kz(tenter) + K(tenter)
2(t — tente
 tenteK(tented — K2(tente) + K2(t) + k(t) — tk(t)

t- tenter

1
= lﬁ*"'é—i(t"'tenter)_

K2(t) + K(t) — K2(tenter) — K(tente) — 2tK(t) + 2tentK(tent)

2(t — tenter)
1 k() +1-2t
=Y+ 5 - > (t+ tente) — hk(t)
entey
ki 1-2
(tenten + tenterk(temer) . (A.1)

2(t - tenter)
Fig. ?? shavs a schematidllustration of «¢(t) — ..
In particularwe areinterestedn thedatapixel locationk, of
the starimageat time tieae. Let usdefinea A; suchthattener =
K(tenter) + A;. For ary time f = k() + A, wefind from Eq. (??)

l® = v+ 5~ 3 (D + Kltened + 280
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k(f) +1- 2k(f) — 2/
T 200 —Kiem) O
K(tented + 1 — 2K(tente) — 2A¢
2 (k(®) — K(tented)

K(tenten

= Ut D+ Kl - A
1- k(f) 1- I((tenter)
200 ko) O " 2RO = Kteny) e

+At
1 1
=+ 53 (K(®) + K(tente))

_ K(E) — k(tente) — K2() + K*(tente)
2 (k(f) - k(tenten)

= 0= 5 (00 + Klered) +

K*(f) — K(tente)
2 (K(f) - k(tente)
Sincethe exposuretime is necessarilyassumedo beinteger(a

non-integerexposuretime is not possiblein the caseof correct
clocking)we cansetf = tje4e andfind

:w*.

‘Kc 2= Kc(tlea/e) — Y= 0‘

In the caseof correctclockingandintegerexposuretime there
areno periodicpixel effects.

A.2. Incorrect clocking

Letusnow assumehatthesatelliteis rotatingslightly faster(or
slower) sothattheangulavelocity of thesatelliteisw = 1+A,,.
Theinstantaneoudatapixel locationof the starimagethenis

k:(t) = w*+%—(1+Aw)t+k(t).

Thecomputatiorof thedatapixellocationof thecentroidof the
starimageis identicalto thatin Section??. Only theintegration
of i(t) hasto be modified,but the changesaretrivial. Hence
we candirectly write (in analogyto Eq. (?7?))

1 1+A,
Kc(t) = l!/* + E - 2 (t + tente[) -

K(tente) + 1 — 2tenter
2(t — tenter)

which alsoreduceso Eq. (??) for A, = 0. Fig. ?? shavs a
schematidllustrationof «¢(t) — ..

K(t) +1- 2t
2(t - tenler)

K(t)

K(tenter) (A.2)

A.2.1. Integer exposure time

Asin Section??we candefineaA; by A¢ = tenter— K(tentey. FOr
ary t = k() + A; we directlyfind

Ke— s = Kc(tlea/e) -y, =

Ay
-2 (tenter+ tieave)

Thearithmeticis identicalto thatin Section??, only the addi-
tional term —% (tenter+ tieae) doesnot vanish.So, in the case
of incorrectclocking and integer exposuretime thereare no
periodicpixel effects.

13

)+3 k(tenter)+4 k(tleuve)

Kt

Y+2 Kt
t

enter) k( tenter)+ 1 k(tenter enter:

Fig. A.3. As Fig. ??, but for incorrectclocking. Here the dottedline
representsheresultk.(f) - v, = AT“' (tenter + tieave) fOr any f = tepier+ N

A.2.2. Non-integer exposure time

Let us — first of all — searchfor thosecombinationsof tenter
andtieqe for which evenin the caseof non-integer exposure
time therewill be no periodicpixel effect. To find thosepairs
(tentes tieave) We have to solve the equation

Ay !
Kke(tieave) — Y + > (tleare + tentey = O. (A.3)

To keepthearithmeticmanageabl&et usdefinesomevariables.
For somearbitrarytimest; andt, we definethedifferences\;
andA; asA; = t; — k(t1) andA; = t, — k(t2). Additionally we
renamek(t;) ask; andk(ty) asks. If weidentify tenerwith tg in
Eq. (??) andwantto computexc(t) — . + % (k(t) + k(tp)) at
sometime t,, for which this expressiorshouldvanish,we find
from Eq. (??)
0= %—%(k2+k1+A2+A1)—
k]_+ 1—2k1—2A1
+2(k2— k1+A2—A1)

Multiplying thisexpressiorby thenominator2(ko—ki +A;—Ay)
yields

k2+1—2k2—2A2
200 — ki + A3 — A1) °

ki .

02 (ke—ki+Az—Ay)
—(k2+k1+A1+A2)(k2—k1+A2—A1)
—(1—k2—2A2)k2+(1—k1—2A1)k1
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=ky—ki+Ay—Aq
— (K8 — kaka + koA — koAy + kiko — K& + KyAg — kyAg
+koA1 — k1AL + A1As — A2 + koAg — KiAg + AS — AlAz)
—ko + K3 + 2koAg + Ky — K2 — 2kgAq

= M- A —AS+ AT

= (A2-A)(1-(A2+ A1) -

If we returnto our corventionalnotation(ty = tieae andt; =
tente) We find thatthereareno pixel periodiceffectsin thecase
of incorrectclockingif andonly if

1. Ajeave = Aenter Caseof integerexposuretime  or

A4
2. Aleave = 1- Aenter ( )

Fig.?? plotstheterm e — .. + Ay (tieave + tente/2 @sa func-

tion of v, for incorrectclocking and a non-integer exposure
time. It is obviousthat Atiege — Atenter NEVEr vanishesandthat
pixel periodiceffectsvanishwheneer the sumof the decimal
placesof tenerandtieae €qualsl. Fig. ?? shavs the expression
Ke — Wi + Ay (tieae + tente)/2 asa function of tenger and tieave.

The two symmetriesndicatedby Eq.(??) areclearly visible,

andfrom the bottomplot we candirectly readoff thelocation
of the maximaof the pixel periodicjitter: they arelocatedat
(Atenter = 0, Atieae = 0.5), at (Atenter = 1, Atieae = 0.5), at
(Atenter = 0.5, Atieae = 0) and at (Ateper = 0.5, Atjeae = 1).

With this knowledgewe can calculatethe magnitudeof this
pixel periodiceffect. To seethe dependencen the CCD size,
i.e. Npx, we setk(tente) = O (whichis alwayspossible)andre-
placetieae DY K(tieare) +Aleare = Npx+Aleave fOr sufficiently small
deviationsfrom the nominalscanspeed.Thuswe canrewrite

Eq.(??) in theform

A,
Kke(tieae) — Y + 7(tlea/e + tenter)

1 1
= 573 (Aenter+ Npx + AIea/e)

_ pr + 1 - 2pr - 2A|ea/e
2(pr + Aleave — Aenter) P
Insertingone of the maximumpixel periodic effect locations

(e.9. Aenter = 0 @andAjeae = 0.5) we find a maximumpossible
effectof

A
Ke(tieave) — Y + 7w(tlea/e + tenter)

1 1 N )
=-[1-Nyx—z+—
2 P20 Nyt
13, D
- X
2 "2 Nox + 3
1 1 1 (3)? 1
= Z{1-Npy— = +Npy+=-1 ~ (A5
2 px 2+ px+2 +pr+% 8Nox (A.5)

Note that Npy in this consideratioris the total numberof
chagetransferstepsalongscan,not the total numberof phys-
ical pixels (asalreadybriefly notedin Footnote??). For large
Npx theeftectis negligible comparedo theerrorsthatarisedur-

ing thedatareductionprocessandto arny concevablemeasure-

mentnoiselevel. In caseof Gaiathe maximumTDI-induced
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A|eave+Aenter
1.5

0.5

o

DreaveLenter

-0.5

o] 0.01 0.02

Kc_w¢+Aw(tenter+tleave)/ 2

—0.01

—0.02

Vs

Fig. A.4. Atieae + Atenter (1OP), Atieare — Atenter (Middle) andx; — . +
A, (tieare + tente)/2 (bottom)asa functionof y. for incorrectclocking
andanon-inteyerexposuretime.

periodicijitter is 0.31 uasfor the Astro CCDsand 35 uas for
the SpectroCCDs(correspondindo 0.5 kmy/s in radial veloc-
ity). Both effectsareneggligible comparedo the measurement
precisionfrom individual CCD transits.

For optical images(point-spreadunctions)spanningsev-
eral pixels the actualpixel-periodicjitter will be smallerthan
the maximumeffect given by Eq.(??), dueto averagingover
differentpartsof theimage.This is why the pixel-periodicijit-
terwill benegligible evenfor Astro measurementssinggates
(i.e. muchfewer pixels).

Appendix B: Computation of Spectro attitude from
Astro attitude is not possible

In this appendixwe prove that the computationof the astro-
metric attitudefor the Spectranstrumentrom the astrometric
attitudeof the Astro instruments not possible gvenin the ab-
senceof ary noise.
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Fig.A.5. kc — ¥, + Ay(tieare + tente)/2 (bottom)asa function of tepter
andte,e for a CCD with 2048transferstepsin scandirection. The
time at which the starimageentersthe CCD is setto lie between0
and 1 which is always possible. The sketchat the top is to illustrate
thedistribution of Aw in thetenertieae-plane.

Let us denotethe astrometricattitudesof the two instru-
mentsby 25" and y """ From Sectior?? (Eq.(?7)) we
know thattheseattitudesarethe inversefunctionsof «£5"(y.,)
and«kSP°"Yy.,), respectiely. So,to prove thatonex, cannotbe
computedrom the otherwould imply thatoneattitudecannot
be computedfrom the other So, we canconsiderthe simpler
problemfor x451°(y,) and«SP*" ().
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By using Eq.(??) asthe definition of «, by insertingthe
definition of «, from Eq.(??), andby assumingnominal TDI
clockingk(t) = t, we find (ignoringthe normalisatiorfactorof
the exposurefunctione(t) andthe constanti for simplicity):

[ " et - g (ct

Kke(+)

" et = 0) [ — i(t) + k(O] ct

—00

v [ et [ et-poer.

Herewe have two trivial terms,andonecontainingthe ac-
tual physicalattitudey;(t). Ignoringthetwo trivial oneswe can
concludethat k:(y.) is essentiallydeterminedby the corvo-
lution of the actualphysicalattitudewith the exposurefunc-
tion(s),in otherwords, by the averageof the physicalattitude
overtheeffective exposuretime interval for a starat ..

In the Fourier domainthe corvolution transformsinto a
product.If we denotethe Fourier transformsof the functions
K, €y by therespectie uppercasdettersK, E, ¥ we canwrite
(againignoringnormalisatiorfactors)

Astro Astr Spectro Spectr
KAsto — EAStOp, and KPe0= ESPectryy, |

from which follows
ESkpectro

Spectro
ch = Ké\stro EAstro *

This equationshows thatthe transformatiorfrom Astro to
Spectrocan only be doneif either EAS" hasno zeroesor if
all zeroesof EAS' are alsozeroesof ESPeC" For box-shaped
EAST0 and ESPect© the Fourier transformsare scaledsin(w)/w
functions, where w denotesthe frequeny argumentin the
Fourier domain.Eachof themhasan infinite seriesof zeroes
(atw = nr/tep for all integer numbersn exceptzero). These
zeroesobviously are at differentw, becausehe two te, are
different(andnot simpleinteger multiplesof eachother).

Thusthelastequationabove cannotbe solved, evenin the
absencef noise.As anasideit shouldbe mentionedthat as-
sumingexposurefunctionswhich arenot box-shapedbut take
the actualimage structureinto account)would only produce
morezeroesn the Fouriertransforms.

Theseconsiderationglso hold for the computationof the
astrometricattitudefor Astro obsenrationsusinggates(i.e. for
thebright stars)from the high-precisionAstro attitude.
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