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Abstract. Weinvestigatetheastrometriccontentof CCDchargeimagesof starscollectedin timedelayintegration(TDI) mode
with a scanning(rotating)telescope.We focuson theESA astrometricspacemissionGaia,but the resultsarevalid for other
scanningtelescopestoo. Thephysicalattitudeof the telescopeis shown to be unobservable.Instead,ane� ective astrometric
attitudeis observed which representsan averageover the TDI exposuretime. The e� ective astrometricattitudes“seen” by
di � erentinstruments(in caseof Gaia:Astro, Spectro,Astro with gates)di � er in a non-trivial way. If e.g.the high-precision
Astro attitudewould beusedfor theastrometricexploitationof theSpectrodata,theSpectroCCDswould be “seen” to float
aroundon the focal planeby severalmilli-arcseconds. In additionwe find that theTDI modeproducesanattitudejitter with
theperiodof TDI clocking.We prove thatthis is negligibly small in thecaseof Gaia.We point out thatthee� ective instantof
observationis nottheinstantof chargeread-outfrom theCCDs,butabouthalf anexposuretime(i.e.upto afew seconds)earlier.
This is particularlyimportantfor theastrometryof solar-systemobjectsandfor thephotometryof rapidlyvaryingobjects.It is
alsorelevant for all otherobjectsbecauseof thetime dependenceof aberration.It is not clearwhetherthedi � erencesbetween
the astrometricattitudesof di � erentinstrumentsrequireseparateattitudereconstructions,but an approximatetransformation
from Astro to Spectroprobablywill besu� cient.
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1. Introduction

1.1. Scanning CCDs in TDI mode

CCD detectorsallow therecordingof sharplong-exposureim-
agesfrom rotating platforms.This is achieved by letting the
optical imageof the observed object(s)move acrossthe de-
tectorchipatconstantspeed(determinedby therotationrateof
theplatformandthefocal lengthof theoptics)andtransporting
thegraduallyaccumulatingphoto-electricchargesat thesame
speedby appropriateclockingof the“parallel” chargetransport
mechanismof theCCD.

This methodis calledTime DelayIntegration(TDI) mode,
or drift-scanmode.Thefinal imageof theobservedobject(s)is
recordedwhenthe imagereachesthe edgeof the CCD where
the serial register (read-outregister) is located.The e� ective
exposuretime is thetime it takestheopticalimageto crossthe
entirelight-sensitiveareaof theCCD.

TheTDI modeis usedin scanningspacecraft(astronomical
or Earth-observingones),aswell asin ground-basedastronom-
ical survey telescopes.In the lattercaseit is thedaily rotation
of theEarththatcreatesthescanningmotion.
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A characteristicconsequenceof the TDI modeis that the
CCDsdo not produceseparate‘frames’ having asmany data
pixelsastherearephysicalpixelsonthechip.Instead,a ‘semi-
infinite’, continuousstrip of pixelsis deliveredto theuser. The
width of this strip (in units of pixels) is equalto the number
of pixel columnsthat the CCD has.The lengthof the strip is
limited only by thecontiguousstretchof timeduringwhichthe
TDI modeis operated.

TheCCDson boardGaiawill beoperatedin TDI mode.

1.2. Historical background

Transit instrumentsare the major observational devices for
global (i.e. large-angle)high-precisionmeasurements.This
startedwith muralquadrants,continuedthroughvisualfilar mi-
crometerson meridiancircles,photoelectricslit micrometers
on meridiancirclesandastrolabes,andculminatedin the slit
systemsof theHipparcosandTychoinstrumentsin space.

In all thesesky-scanningsystemsthelocationof theinstan-
taneousoptical imageof a starwascontinuouslycomparedto
somefiducial line(s)in theinstrument.So,thegeometricinter-
pretationof a measurementwasrelatively simple.The transit
time ttr, beingthe primary observable,is determinedby three
quantities:
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– thealong-scanangularcoordinate$&% of thestaron thesky
– thealong-scanattitude $ i of theinstrument
– the along-scanangular location ' tr of the fiducial line

within theinstrument

suchthat $(% (ttr) )*$ i(ttr) )+' tr , 0. All threequantitiesin
this equationwill bepreciselydefinedbelow; theinstrumental
calibrationquantity ' tr doesnot carry a time argumenthere,
sinceit mustbeassumedto beessentiallyconstantover some
prolongedinterval of time.

In a scanningTDI instrumenttheopticalstarimagesmove
acrossa CCD chip, exit the trailing side of the chip andare
recordedin the serial register of the chip at that time. Thus,
oneis temptedto identify thetrailing edgeof theCCDwith the
fiducial line of theothertransitinstruments,andthe instantof
read-outinto theserialregisterwith thetransittime ttr. Indeed,
theastrometricobservationequationsfor Gaiaareconvention-
ally formulatedin thisway.

However, in all aforementionedinstrumentsthedurationof
an elementaryintegrationof the moving starimageis shorter
thanthedurationof its actualtransitoverthefiducial line. This
meansthatin thosecases,truly ‘instantaneous’attitudeandstar
positionsarerecordedat thetransittime ttr.

In a scanningCCD instrumentthis is no longer true. The
moving starimagecoversa few (typically 3to8) CDD pixels
alongscan,in orderto satisfythe samplingtheorem(thusnot
to lose essentialspatial information).This meansthat it will
be registeredwithin a few TDI clock intervals, while exiting
theCCDchip.Beforethat,it will typically havetravelledthou-
sandsof pixels acrossthe CCD, graduallyaccumulatingpho-
toelectriccharge on the chip. This meansthat the registered
imagewill representtheaverageof thestar’s positionandthe
instrument’s scanningmotion over a much longer interval of
time. In otherwords,it is no longerrepresentative of the ‘in-
stantaneous’attitudeandstarpositionat thetransittime ttr.

1.3. Goals of this paper

In thefollowing weshow thattheconventialformulationof the
astrometricobservationequationscanbekept if thequantities
containedin themareproperlydefinedandinterpreted.Wedis-
cusstheconsequencesof this approachandidentify a number
of importantimplications.

Section?? presentssomeof the basicconceptsandnota-
tionsneededfor thepresentwork.

In Section?? we introducethecentralquestionon thepre-
ciseastrometricmeaningof TDI data.Thebasicequationscon-
tainingtheanswerto thisquestionarederived.

In Sections?? – ?? we discussthe major consequences
for theastrometricattitudemodelling,astrometricsourcemod-
elling andphotometricsourcemodelling.

Section?? briefly discussestheresultsandsummarisesthe
practicalconsequencesfor Gaia.

In Appendix??wegiveamorecompletemodelof theTDI
databy removing someof thesimplificationsmadefor clarity
andsimplicity in Sections?? – ??. Someof theresultsgive an
a-posteriorijustificationfor theearliersimplifications.

Appendix ?? containsmathematicaldetails for a subject
touchedon in Section??.

1.4. Application to Gaia

Theresultsof this paperwill beappliedto thespecificcaseof
Gaia,ESA’sfutureastrometricandphotometricsurvey mission
(?). Thepresentbaselinetechnicaldesignfor thismissioncom-
prisestwo instrumentscalled‘Astro’ and‘Spectro’.TheAstro
instrumentperformshigh-precisionastrometricmeasurements,
plusbroad-bandphotometry, thelatterin aspecificfocal-plane
sectioncalledBroad-BandPhotometer(BBP).TheSpectroin-
strumentconsistsof aMedium-BandPhotometer(MBP) anda
Radial-Velocity Spectrograph(RVS). All observationsarecar-
riedout in TDI mode.Dueto di - erentfocal lengthsof thetele-
scopes(46.70m and2.3m, respectively) anddi - erentalong-
scansizesof theCCDs(4500and800pixelsof 10. m, respec-
tively) theexposuretimesperCCDaredi - erent:3.3sfor Astro
and12sfor Spectro.This is therelevantdi - erencebetweenthe
instrumentsfor thesubjectof thepresentpaper.

As theimagesof bright stars(from about12thmagnitude)
would saturatewith a 3.3s exposuretime on theAstro instru-
ment, specialelectrodescalled ‘gates’ on the CCDs will be
usedto shortentheir exposure.Thereare12 gatesin total,pro-
viding essentiallya power-of-two seriesof di - erentexposure
times,from veryshort(e.g.0.006sfor gateno.3) to intermedi-
ate(e.g.0.38s for no.9) andto almostthe full CCD (1.5s for
gateno.11). Theresultsof thepresentpaperwill indicatethat
precisionastrometryusinggateswill behighly problematic.

For a moredetaileddescriptionof thetechnology, mission
planningandsciencegoalsof Gaiasee?.

2. Basic concepts and notations

As a preludeto the definition of spacecraftattitudewe here
briefly recallanumberof basicconcepts.

2.1. Coordinate systems

2.1.1. Equatorial coordinates; the International
Celestial Reference System (ICRS)

Star positions, or more generally, directions in the astro-
nomical sensearegiven in somecelestialcoordinatesystem.
Conventionally this is the InternationalCelestial Reference
System(ICRS). The sphericallongitudeand latitude coordi-
natesin this systemarecalled right ascension(/ ) anddecli-
nation(0 ). The fundamentalplane(0 , 0) andthe zeropoint
(/ , 0) of theICRScloselymatchtheearth’s equatorialplane
andthedirectionto thedynamicalspringequinoxat thebegin-
ning of the yearJ2000,respectively. This is why / and 0 are
calledequatorialcoordinates.

The Cartesianunit vectorsalongthe principal axesof the
ICRSaredenotedX, Y, Z, with Z pointingtowardsthecelestial
north pole, X towardsthe springequinoxandY , Z 1 X. A
generalunit vectoru hasdirectioncosinesX2 Y2 Z, suchthat

u , XX 3 YY 3 ZZ
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Fig.1. Thesatellitesystem,viewing directionsandfield-of-view sys-
tems.Thefield-of-view angles]_^P` arenot indicatedseparately;they
have thesameorigin andorientationasŵ z.

with X2 a Y2 a Z2 b 1.

2.1.2. The satellite system

For the interpretationof Gaia observationsit is useful to ex-
pressstarpositions,or moregenerally, directionsin a coordi-
natesystemthat is rotatingwith thesatellite.This is thesatel-
lite system.Theunit vectorsalongtheprincipalaxesarecalled
x, y, z, seeFig.??. The z axis is the nominalrotationaxis of
thesatellite,with thesunhaving apositive z coordinateduring
nominalscientificoperations.Thismeansthatthe z axispoints
towardsGaia’s top coveredby the solararrays.The x axis is
in theplaneof thetwo viewing directions(i.e. thetwo projec-
tionsof theopticalaxisof Gaia’sAstrotelescopeontothesky),
bisectingthe anglebetweenthem,so that it is ced 2 away from
eachof them.They axisis alsoin theplaneof thetwo viewing
directionssuchthat thesystemx, y, z is right-handed.A gen-
eral unit vectoru in the satellitesystemhasdirectioncosines
xf yf z, suchthat

u b xx a yy a zz

with x2 a y2 a z2 b 1.
The nominal rotation of Gaia is positive about the posi-

tive z axis. The y axis thusprecedesthe x axis on the sky by
90degrees.

2.1.3. Field-of-view coordinates

In orderto describetheactualmotionof starimagesacrossthe
focalplaneof Gaia,it is usefultodefinetwo coordinatesystems
directly relatedto theviewing directions,i.e. to thetwo projec-
tionsof theopticalaxisof Gaia’s Astro telescopeontothesky.
Thereis onesuchsystemperastrometricfield of view (thusthe
namefield-of-view coordinates).The two systemsdi g er from
thesatellitesystemby a rotationaroundthe z axisby anangleh ced 2, wherec is Gaia’s basicangle,i.e. theanglebetweenthe
two viewing directions.

The meaningof the field coordinatesis also shown in
Fig.??. Their origin is at theprojectionof theopticalaxis; the
wcoordinateis reckonedalongthenominalscandirection;the

zcoordinateis orthogonalto it. Theorientationis suchthatstar
imagesmove towardsnegative valuesof w, andthat celestial
objectswith a positive z coordinatein thesatellitesystemwill
haveapositivezfield-of-view coordinate.In particular, thesun
will have a positive z coordinateduringnominalscientificop-
erations.This somewhat tricky definitionof the orientationof
thezfield coordinateis necessarybecausee.g.thephysicalori-
entationof thez field coordinateon the focal planewithin the
satelliteis notnecessarilyparallelto thezaxisof thelaboratory
system.

The unit vectorsalong the principal axes of either field-
of-view coordinatesystemaredenotedf , w, z, with z being
identicalto thethird axisof thesatellitesystem,and

f b x cosced 2 h y sin ced 2 b x cosced 2 a f y sinced 2 f
w b y cosced 2 i x sin c"d 2 b y cosc"d 2 j f x sin c"d 2 f
where f is thefield-of-view index, which is definedas f bka 1
for theprecedingfield of view and f b j 1 for thefollowing.

The field-of-view coordinatesaredirectioncosinesin the
field-of-view coordinatesystem,suchthatageneralunit vector
u is

u bml f a ww a zz

with l 2 a w2 a z2 b 1.
Thefield-of-view coordinatesarerelatedto thecoordinates

in thesatellitesystemby thesimplerelations

lnb xcosced 2 a f ysin c"d 2; x bml cosced 2 j f wsin c"d 2 f
w b ycosced 2 j f xsin ced 2; y b wcosced 2 a f l sin ced 2 f
z b z o

2.1.4. Field-of-view angles

For somepurposesit is moreconvenientto usefield-of-view
anglesinsteadof field-of-view coordinates.The field-of-view
anglesp andq areangularlongitudeandlatitudecoordinatesin
thefield-of-view systems,connectedto thefield-of-view coor-
dinatesby

lrb cosq cospsf
w b cosq sinpsf
z b sin q+o
In Fig.?? the field-of-view anglesp(f;q arenot indicatedsepa-
rately;they havethesameorigin andorientationaswf z.

For clarity andsimplicity we will usefield-of-view angles
ratherthanfield-of-view coordinatesin the remainderof this
paper.

2.2. Attitude

Theattitudeof thesatelliteis theorientationof thesatellitesys-
tem with respectto the ICRS. It canexpressedby the attitude
matrix A, anorthonormal3 t 3 matrix.Eachline of thematrix
containsthe equatorial(ICRS)directioncosinesof oneof the
satellitesystem’sprincipalaxes.Conversely, thecolumnsof the
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matrixcontainthedirectioncosinesof theICRSprincipalaxes
expressedin thesatellitesystem.Symbolically:

A u
x v
y v
zv ICRS

u ( X Y Z )satw systwyx

wheretheprimedenotesthetransposeof a vector.
Multiplying A with any vectoru givenin ICRScoordinates

producesthe representationof that vector in the satellitesys-
tem:

x
y
z u

u A z
X
Y
Z u

{ (1)

Insteadof the rotation matrix A, any other conventional
mathematicalrepresentationof a three-dimensionalrotation
canbeused,e.g.any setof Euleranglesor Tait-Bryanangles,
or quaternions.

Notethatfor a right-handedrotationof thesatellitearound
its positivezaxisthestarimagesmovetowardsnegativew and| , seeFig.??.

2.3. Simplifications

For clarity andsimplicity it is usefulto disregarda numberof
theactualcomplexitiesof theGaiainstrumentsandoperations.
They are irrelevant for the fundamentale} ectsto be studied
here;andit is easyto re-instatethemlateron in a full formula-
tion of theproblem.

For thepresentwork it is su~ cientto considerasinglefield
of view. Thusweset��u 0, thedi } erencebetweenthesatellite
systemandfield-of-view systemsvanishes,andapplicationof
theattitudedirectly transformscelestialcoordinatesinto field-
of-view coordinates,resp.angles.

For the presentpaperit is su~ cient to considera rotation
of the satellitearounda fixed z axis in space,i.e. the attitude
is reducedto a one-dimensionalrotationaroundthataxis.For
clarity andsimplicity we chooseto describeit by thethird an-
gle of a setof (3,1,3)Euler angles,which usually is denoted
by � (the first two, usuallydenoted� and � , definethe orien-
tationof thez axis in space).In this modeltheopticalaxis of
the telescopescansalonga greatcircle, with � beinga longi-
tudecoordinatealongthat circle. Thus,the rotationalmotion
of thesatelliteandinstrumentis describedby a function � i(t),
wheret is sometime coordinateand the su~ x ‘i’ standsfor
‘instrument’.

Furthermoreit is usefulto describestarpositions,or more
generally, directionsin theastronomicalsensein acelestialco-
ordinatesystemthat is orientedalong the greatcircle of the
scan.In addition,for thepresentwork weneedto consideronly
the along-scanmeasurementsdoneby the Gaia instruments.
Thus,starpositionscansimply bedescribedby thealong-scan
angularcoordinate� definedabove.Let usthusdenotea star’s
celestialcoordinateby �&� .

Thetransformationof a starpositionto field-of-view angle
thentakestheextremelysimpleform

| � (t) um� � (t) ��� i(t) { (2)

In actual fact this equationis the definition of attitude
(i.e.theequivalentof Eq.(??) in our restrictedmodel).In very
simple,mnemonicwords:Theattitude� i(t) is equalto thelon-
gitude coordinate� on the sky towardswhich the telescope
(| u 0) looksat time t.

As a furthersimplificationwe chooseto usethe following
physicalunits:Anglesaregivenin unitsof thealong-scansize
of theCCDpixels(projectedbackthroughthetelescopeoptics
ontothesky). Time is givenin unitsof thenominalTDI clock
interval. The nominal scanspeedof the satelliteis thus ��u
d� i(t) � dt u 1.

Lastbut not leastwe assumethat theTDI clockingrunsat
the nominalpace,with clock stroke numberzerotaken at the
time origin t u 0. Underthis assumptionthe time tk at which
clock stroke k is executedis simply tk u k. Let usfurthermore
definethe functionk(t) to be therunningnumberk of the last
clock stroke executedbefore(or at) timet. Thenk(t) u [t] u
INT(t). Thisassumption,asall others,aretakenfor clarity and
simplicity only. They arenot essentialfor the subjectof this
paperandcanbe easily removed in a full formulationof the
subject.

2.4. Observation equation for a transit instrument

A scanningCCD in TDI modeis a kind of transitinstrument.
Like theothertypesof transitinstrumentsmentionedin thein-
troductionit recordsthe transit of optical star imagesacross
somefiducial line in thefocal planeof thetelescope.Roughly
speaking,theinstantof transitttr wouldbetheTDI clockstroke
at which a pixel containingthecentroidof theimageis loaded
from thetrailing pixel row into theserialread-outregister. The
role of the fiducial line would thenbe taken by the centreof
that trailing pixel row. Later on we shall seethat this concept
needssomerefinement.

Denotingthe locationof the trailing pixel row of a CCD
chip by its field angle| tr (‘tr’ standsfor ‘transit’), theobserva-
tion equationfor analong-scanastrometricmeasurementtakes
theform alreadyindicatedin theintroduction:
| � (ttr) � |

tr u��&� (ttr) ��� i(ttr) � |
tr u 0 � noise{ (3)

A morepracticalform to beusedin anactualdatareduction
processis
| � (ttr) � |

model(ttr) u |
tr � |

model(ttr)

u���� i(ttr) �����&� (ttr) ��� | tr � noise{ (4)

where| model is thefield angleof thestarcomputedfrom theap-
proximatelyknown starposition,attitudeandinstrumentcal-
ibration, and ��� i(ttr) x ���&� (ttr) x � | tr are the sought-forcorrec-
tionsto thoseapproximatevalues.

The actualsegmentedform to be usedin the GaiaGlobal
Iterative Solution, along with further explanations,can be
foundin Section1.5of ? (Version3 or higher).A very general
form canbefoundin Chapter9, Eqs.(102)– (105)of ?.

3. Optical images versus charge images

In thissectionweelaborateon thefactthatthefinal imagereg-
istrationin aTDI-operatedscanninginstrumentcontainsacon-
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volutionof thesourceposition,attitudeandTDI clockingover
theentireCCDexposuretime.Weanalysethismathematically.
Fromtheresultof this analysiswe proceedto defineane� ec-
tive,astrometricattitude.

3.1. Physical pixels versus data pixels

A CCD chip mainly consistsof a rectangulararray of light-
sensitive pixels. This array is finite in both dimensions,e.g.
1966pixelsacrossscanby 4500pixelsalongscanfor theAstro
CCDsof theGaiaAstro instrument.Theselight-sensitive pix-
els will be called physicalpixels in the following. The data
from a CCD consistof rectangulararraysof photo-electric
chargesreadoutfrom thechip(anddigitizedfor computerstor-
age).Theelementsof sucharrayswill becalleddatapixels in
the following. In astronomicalapplicationsonefinds (charge)
imagesof starsscatteredacrossthedatapixel arrays.

In theordinary(pointed)operationalmodeof CCDsevery
exposureyieldsa datapixel arrayhaving thesamedimensions
as the array of the physicalpixels. Eachdatapixel uniquely
correspondsto a specificphysicalpixel on the chip. Thus a
clearconceptualdistinctionbetweenphysicalpixels anddata
pixelsdoesnot seemto benecessaryin this case.

However, this is di � erentin the caseof TDI data.Here,
thechargein eachdatapixel is producedby all physicalpixels
along one of the CCD’s columns.The array size of the data
pixelsacrossscanis still thesameasthatof thephysicalpixel
array(namelythenumberof columnsof theCCD). But along
scanthearrayof datapixelsmaybe‘infinitely’ long.

Let usintroducea numberingschemefor theindividualel-
ementsof the TDI datapixel arrays.The index acrossscanis
simply the index of the columnof the CCD chip. It doesnot
matterin the following. The index alongscanis the running
numberof the TDI clock stroke at which the pixel wastrans-
ferredfrom the trailing CCD pixel row into the read-outreg-
ister. Let usdenotethis index by k. Notethatk correspondsto
a time coordinate,not to a spatiallocationon the focal plane.
A starimagecenteredon thetrailing CCD pixel row at time tk
wouldbecenteredon datapixel k.

While eachphoto-electronis locatedin a particularinteger
datapixel, thecentroidof a recordedstarimagewill (by some
centroidingalgorithm)bedeterminedasa continuousquantity
from the distribution of light (charge) amongthe datapixels.
Thecentroidof astarimagemaythuslie in betweenthepixels.
Let us thereforedefineanalong-scancoordinate� asthecon-
tinuousextension(interpolation)betweentheintegersequence
definedby k. This � correspondsto a continuoustime coordi-
natein unitsof TDI clockstrokes.

In the astrometricinterpretationof the TDI datastream,�
will take therole of ttr in theobservationequation(Eq.(??) or
(??)), andthecentreof thetrailing pixel row will take therole
of thefiducial line at � tr.

Under our present assumptions(strictly nominal TDI
clocking and tk � k) the di � erentiationbetweent and � may
seemunnecessaryandartificial, but it will be importantin a
practicalmission.

Fig.2. The locationsof optical star imagesand photo-electronsin
physicalspaceanddataspace.Seetext.

3.2. Data pixel location of a star image

Let usnow try to computethedatapixel locationof astarimage
from first principles.Assume– for themoment– that thetele-
scoperotatesatexactlynominalspeed,andconsidertheoptical
imageof a starmoving acrossthe focal planeof the scanning
telescope,traversingaCCD.Its field-of-view coordinate�_� de-
creaseswith time(seeFig.??, toppanel;thediagonalsolidand
dashedlinescorrespondto two starswith slightly di � erentpo-
sitions � � ). Thuswe maywrite, usingEq.(??):

� � (t) � � �y� � i(t) �
By definition, the TDI clocking shifts the photo-electric

chargeproducedby themoving imagedownwardby onepixel
(in physicalspace,i.e.on theCCD) aftereachunit of time, so
asto keeppacewith theopticalimage1. Turningthis argument
around,we find thatin datapixel spacethelocationof thestar
imageis e� ectively shiftedupward by onepixel (seeFig.??,
centerpanel).We may thereforedefinean instantaneousdata
pixel locationof the starimage(moreprecisely:of its optical
centroid)as

� � (t) � � � (t) � k(t) ��� 0 � � �y� � i(t) � k(t) ��� 0 (5)

1 In realitythechargeis shifteddownwardsby aquarterof thephys-
ical pixel separationat eachclock stroke in thecaseof Gaia’s CCDs.
This is anirrelevantdetailfor thefollowing considerations,exceptfor
thenumericalvaluesat theendof Appendix??.
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Fig.3. Thedatapixel locationsof opticalstarimagesat nominalscan
speed.Seetext for details.

asshown in Fig.??, centerpanel.Here,k(t) is therunningnum-
berof thelastTDI clockstrokebeforetime t and� 0 is aninitial
valueof � .

Themeaningof � 0 canbeillustratedby thefollowing rough
consideration:According to Eq.(??) at transit time we have
��� (ttr) � ttr �¡  tr ¢ k(ttr) ¢ � 0. Assumingan integer ttr we fur-
thermorehavek(ttr) � ttr, andthus0 ��  tr ¢ � 0. In otherwords:
Underourpresentassumptions� 0 is thenegativeof thelocation
of thefiducial line.

We canthusrewrite Eq.(??) as

��� (t) �m£(�y¤�£ i(t) ¤¥  tr ¢ k(t) �� _� (t) ¤¦  tr ¢ k(t) § (6)

In a practicalmissiontherewould in additionbecontribu-
tionsof k(0) andthebasicangle ¨ª©e« 2 to � 0. In any case,� 0 is
aninstrumentalcalibrationquantity.

Notethat for thesolid diagonallines in theupperandcen-
tral panelsof Fig.?? thecentroidof thestarimageis arbitrar-
ily assumedto entertheCCD, i.e.to coincidewith theleading
edgeof thefirst pixel row, exactlyat time tk of someTDI clock
strokek.2 If thecentroidof thestarimagewouldentertheCCD
atsomeslightly latertime, its instantaneousdatapixel location
would follow thedashedline.

The bottom panel of Fig.?? shows, for comparison,the
physicallocationof aparticularphoto-electroninsidethechip.
Its timedependenceis completelydi ¬ erentfrom both   � (t) and
� � (t). Here,the electronis assumedto be createdin the phys-
ical pixel locatedat  m� 458at somearbitraryinstantof time
(circle). The datapixel locationof the electronis constantin
time.

Fig.?? shows an enlargement of the central panel of
Fig.??, Fig.?? shows thesamefor the caseof a non-nominal
(slightly higher)scanspeed.In thelattercasetheinstantaneous
field angleof theopticalimagedecreasesby slightly morethan
onepixel during eachTDI clock interval, yet eachTDI shift
is only onepixel upwards.Thus,in additionto the saw-tooth
patternof Fig.?? thereis a lineartrendin ��� (t).

2 Accordingto theusualconventionsfor CCD data,thecenterof a
pixel hasintegerpixel coordinates;i.e.theedgeof apixel corresponds
to thefractionalpartof thepixel coordinatebeing0.5.

Fig.4. Thedatapixel locationsof opticalstarimagesat non-nominal
(higher)scanspeed.Seetext for details.

3.3. Optical images versus charge images

Theprecedingsectiondealtwith instantaneousopticalimages.
However, thisis notwhatis readoutfrom theCCD.Instead,the
measuredsignal consistsof the accumulatedcharge over the
entireexposuretime. Thedecisive questionin the astrometric
interpretationof TDI datais:
What is the data pixel location of this charge image? More
precisely:Whatis thedatapixel coordinate� c of its centroid?3

The answeris that the accumulatedcharge representsthe
averageof thedatapixel locationof theinstantaneousstarim-
ageover the exposuretime. Let us denotethe start and end
pointsof theexposuretime for agivenimageastenterandtleave,
thedi ¬ erencebetweenthetwo astexp. Then

� c � 1
texp

tleave

tenter

� � (t)dt § (7)

InsertingEq.(??) for ��� (t) we find

� c � 1
texp

tleave

tenter

£ � (t) ¤�£ i(t) ¢ k(t) ¤¦  tr dt § (8)

Assuming£&� (t) � constover theexposuretime,we have

� c �­£&�y¤¦  tr ¢ 1
texp

tleave

tenter

k(t) ¤�£ i(t) dt

�­£&�y¤¦  tr ¢ 1
texp

tleave

tenter

k(t)dt ¤ 1
texp

tleave

tenter

£ i(t)dt § (9)

This is the centralequationthatwill be investigatedin the re-
mainderof this paper. Notethat– for a givenphysicalattitude
£ i(t) – the quantity � c is a function of £&� only. The integral
limits aredeterminedby £ � via

 _� (tenter) ��  enter �m£&�y¤�£ i(tenter)

and

 _� (tleave) ��  leave �m£&�y¤�£ i(tleave) ®
3 Thesū x ‘c’ standsfor either‘charge’ or ‘centroid’ or both.
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where ° enter and ° leave are the field anglesof the leadingand
trailing edgesof theCCD,respectively.

Notefurthermorethatin general± c is not equalto ±�² (ttr)!
Equations(??) to (??) assumethatthestarimageentersthe

CCD at a definitetime andsuddenlystartsto producephoto-
electriccharge at the full rate.In actualfact the star imageis
extended,mostly due to the sinx

x di ³ ractionpattern,and to a
lesserextentdueto di ³ usionof light insidetheCCDchip.Thus
it will graduallystartproducingchargeaccordingto theportion
of light flux falling onto the chip. A more generalandmore
preciseform of Eq.(??) thereforeis

± c ´ 1µ�¶
· ¶ e(t)dt

µ�¶
· ¶ e(t)± ² (t)dt ¸ (10)

wheree(t) is the‘exposurefunction’, i.e. theinstantaneousrate
(or ratherproportion)of star light actually producingphoto-
electronsat time t. Equation(??) in this sensecorrespondsto a
box-shapedexposurefunction.Notethat therealisticexposure
function is indeedcloseto box-shaped,sincethe width of the
CCDis thousandsof pixels,while thewidth of theimageis just
a few pixels.

Theexposurefunctioncancarrymoreinformationthanjust
the shapeof the optical image:A non-zeroCTI (i.e. a lossof
partof thegeneratedchargesduring theTDI transport)would
be representedby a slopeof the flat ‘roof ’ portion of e(t); a
blockedCCDcolumnwouldberepresentedby aone-sidedcut-
awayportionof e(t).

The term e(t) in Eq.(??) is an abbreviatednotationused
for clarity. In that notationeachstar imagewould have a dif-
ferentexposurefunction.In actualfact,all exposurefunctions
have (almost)the sameshape,but areshiftedin time accord-
ing to tenter for eachstar. So,a morecompletenotationwould
bee(t ¹ tenter) in both integralsof Eq.(??). For a non-nominal
scanspeed,onewould have e(º t ¹�º tenter) instead.And for a
non-uniform(i.e.realistic)CCDchiponewouldhaveonesuch
functionfor eachCCDcolumn.

3.4. Astrometric attitude

Section?? hasclarified that ± c( » ² ) is the primary astrometric
observableof Gaia.The basictaskof the astrometricdatare-
ductionis to derive thestarposition » ² from ± c. Equation(??)
tells usthatthis is only possiblewhenat thesametime we de-
rivesomecalibrationandattitudeinformation.

In Eq.(??) theprimaryobservable± c is not determinedby
the physicalattitudeat sometransit time. Instead,it contains
anaverage (runningmean)of thephysicalattitudeoveranex-
tendedinterval of time. It is mathematicallyimpossibleto re-
constructa generalfunctionfrom a runningmean.This means
thatthephysicalattitudecannotbederivedfrom theCCDdata.
It is strictly unobservable.

If, in spiteof this complication,we still want to regardthe
scanningCCDasa transitinstrument,i.e.if wewantto useob-
servationequationsof theformof Eq.(??) (or (??)), wehaveno
choicebut to replacethe(unobservable)quantitiescontainedin
Eq.(??) (and(??)) by theactualobservablesof the TDI mea-
suring process.This leadsto the definition of an e³ ective or

apparentastrometricattitude.For brevity we call it astrometric
attitudein thefollowing.In analogywith ± c – andto distinguish
it from thephysicalinstrumentattitude» i – wedenoteit as » c,
wherethesu¼ x ‘c’ maystandfor either‘charge’ or ‘centroid’
or both.

Considera star having along-scancoordinate»(² and ob-
serveddatapixel coordinate± c( »&² ). Thenwe identify ± c asthe
observabletransittime ttr andsimply definetheastrometricat-
titude » c(ttr) asfunctionof ttr by

» c(± c) ´ » c(ttr) ´ »&²y¹¥° tr (11)

in analogywith Eq.(??).
Assumethat ° tr ´ 0 (this is not a restrictionon the gener-

ality of our considerations,sincethis canalwaysbe achieved
in practiceby a simpleshift of the ° origin on thefocal plane),
thenwehave:

» c(ttr) ´ » c(± c( »&² )) ´ »(²y½
Sotheastrometricattitudeis definedastheinversefunctionof
± c( »&² ). Thismaybeanun-intuitiveconcept,but it wasunknow-
ingly implied by all pastdescriptionsof Gaiaastrometry, both
in publicationsandin technicaldocuments.

Theredefinedobservationequationthenreads

°_² (ttr) ¹¦° tr ´ »&²¾¹�» c(± c) ¹¥° tr ´ 0 ¿ noise

in analogyto Eq.(??), andthemorepracticalform in analogy
to Eq.(??) becomes

° tr ¹¦° model(± c) ´ÁÀ » i(± c) ¿ À »&²Â¿ À ° tr ¿ noise½

4. Astrometric consequences I: Attitude modelling

The analysis of Gaia’s observation processintroduced in
Section?? hassomeimportantconsequences.The conceptof
astrometricattitudeis soun-intuitivethatits consequencescan
only be illustratedin a few idealizedcases.However themain
resultsarefully valid in moregeneralcasesaswell.

In Appendix?? we will demonstratethat for su¼ ciently
large Npx, and for scanspeedsnot too far from nominal, the
discretenessof the charge shifting doesnot causeany impor-
tante³ ects(in factthereis a TDI-inducedperiodicjitter, but it
will beshown to benegligibly small).So let usmake another
approximationandassumecontinuousshifting of thecharges,
i.e.verytiny pixels.Again,thisapproximationis for illustration
purposesonly. Thecompletealgebrawith thediscreteshifting
overa finite numberof pixelswill begivenin Appendix??.

4.1. Constant, nominal scan speed

Let us take the definition of ± c, Eq.(??), andidentify ° tr with
thetrailing edge° leave of thetrailing CCDpixel. Then

± c ´ »&²y¹¦° leave ¿ 1
texp

tleave

tenter

k(t) ¹�» i(t) dt ½
With continuousshiftingof charge,i.e. k(t) ´ t we have

± c ´ »&²y¹¦° leave ¿ 1
texp

tleave

tenter

t ¹�» i(t) dt ½
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With constant,nominalscanspeed,i.e. Ã i(t) ÄmÃ 0 Å t we have

Æ
c ÄÇÃ&ÈyÉ¥Ê leave Å 1

texp

tleave

tenter

t É t É�Ã 0 dt

ÄÇÃ È É¥Ê leave É 1
texp

Ã 0[tleave É tenter]

ÄÇÃ&ÈyÉ¥Ê leave É�Ã 0 Ë
With thedefinitionof theastrometricattitude Ã c beingthe

inversefunction of Æ
c, i.e. with Eq.(??), we thus have (after

simply solving thepreviousequationfor Ã&È andinsertinginto
Eq.(??))

Ã c(
Æ

c) ÄmÃ È É¥Ê leave Ä Æ
c Å Ã 0 ÄmÃ i(

Æ
c) Ë

In otherwords:At strictly nominalscanspeedthephysical
andtheastrometricattitudeareidentical.Thisseeminglytrivial
resultnothingbut shows thatwe have developeda reasonable
overall concept.In the simplestpossiblecase,the astrometric
attitude(in properlyscaleddataspace)is identicalto thephys-
ical attitude(in realspace).

4.2. Constant, non-nominal scan speed

Weagainstartwith Eq.(??), introducingcontinuousshiftingof
charge(k(t) Ä t) andphysicalattitudeÃ i(t) ÄmÃ 0 Å (1 Å�ÌÎÍ )t to
find

Æ
c ÄÇÃ È É¥Ê leave Å 1

texp

tleave

tenter

t É (1 Å�Ì Í )t É�Ã 0 dt

ÄÇÃ&ÈyÉ¥Ê leave Å 1
texp

tleave

tenter

É ÌÎÍ t É�Ã 0 dt

ÄÇÃ È É¥Ê leave É�Ã 0 É Ì Í
texp

tleave

tenter

tdt

ÄÇÃ&ÈyÉ¥Ê leave É�Ã 0 É ÌÎÍ
texp

1
2

t2leave É 1
2

t2enter

ÄÇÃ È É¥Ê leave É�Ã 0 É Ì Í
2texp

t2leave É (tleave É texp)2

ÄÇÃ È É¥Ê leave É�Ã 0 É ÌÎÍ
2texp

2tleavetexp É t2exp

ÄÇÃ È É¥Ê leave É�Ã 0 É Ì Í tleave É 1
2

texp Ë (12)

Before we can evaluatethis further we have to compute
tleave andtexp. Wedenotethefield anglesof theleadingandtrail-
ing edgesof theCCD by Ê enter andÊ leave, respectively. We fur-
thermorenotethatthedi Ï erencebetweenthetwo – in thecase
of real,extendedpixels – is equalto the numberNpx of pixel
rows alongscan,which in turn is equalto theexposuretime at
nominalscanspeedÐÑÄ 1.For clarity wedenotethisdi Ï erence
by Npx, althoughtheassumptionof continuouschargeshifting
implicitly meansinfinitely many, infinitely smallpixels.Then:

tleave Ä Ã&ÈyÉ�Ã 0 É¥Ê leave

1 ÅÒÌ Í Ó
tenter Ä Ã&ÈyÉ�Ã 0 É¥Ê enter

1 Å�Ì Í Ä Ã È É�Ã 0 É¦Ê leave É Npx

1 Å�Ì Í Ó
texp Ä Npx

1 Å�Ì Í Ë

Insertingthesevaluesinto Eq.(??) yields

Æ
c Ä­Ã È É¦Ê leave É�Ã 0 É Ì Í Ã È ÉÔÊ leave É�Ã 0

1 Å�ÌeÍ Å Ì Í
2

Npx

1 Å�ÌeÍ
Ä­Ã È 1 É ÌÎÍ

1 Å�Ì Í É¦Ê leave 1 É ÌeÍ
1 Å�Ì Í

ÉÎÃ 0 1 É ÌÎÍ
1 Å�Ì Í Å ÌÎÍ

2

Npx

1 Å�Ì Í Ë

Noting that1 ÉÖÕ�×1Ø Õ�× Ä 1
1Ø Õ�× wefind

Æ
c ÄmÃ È 1

1 Å�ÌeÍ É¥Ê leave
1

1 Å�ÌÎÍ É�Ã 0
1

1 Å�ÌÎÍ Å Ì Í
2

Npx

1 Å�ÌÎÍ Ë
As in theprevioussectionwecanform theinversefunction

by solvingthis equationfor Ã È to find

Ã&ÈÙÄ (1 Å�ÌÎÍ ) Æ c Å Ê leave Å Ã 0 É ÌeÍ Npx

2
(13)

And with Eq.(??):

Ã c(
Æ

c) ÄÚÃ È É¥Ê leave Ä (1 ÅÒÌ Í ) Æ c Å Ã 0 É Ì Í Npx

2
(14)

ÄÚÃ i(
Æ

c) É ÌÎÍ Npx

2
Û Ã i(

Æ
c) (15)

In this casethephysicalandtheastrometricattitudeareno
longeridentical!FromEqs.(??) and(??) we:

Ã c(
Æ

c) Ä (1 Å�Ì Í ) Æ c Å Ã 0 É (1 Å�Ì Í ) Ì Í Npx

2(1 ÅÒÌeÍ )

ÄÚÃ i
Æ

c É ÌÎÍ Npx

2(1 Å�Ì Í )

ÄÚÃ i
Æ

c É Ì Í texp

2 Ë (16)

In other words: For a constantsatellite rotation rate that
di Ï ersfrom thenominaloneby ÌÎÍ theastrometricattitudeis a
retardedversionof thephysicalattitude– retardedby ÌeÍ texp

2 .

4.3. A sudden jump in scan speed

Webriefly explainhow asuddenjump in physicalscanspeed4

wouldappearin theastrometricattitude.Thealgebrais lengthy
but simple,asin theprevioustwo cases.Knowing theoutcome
of theprevious two sections,the resultis quiteeasyto under-
stand.

Let usassumethatbeforethe jump we have nominalscan
speed.It is obviousthatsometime beforeandsometime after
thesuddenjumpin scanspeedwehavethesituationsdescribed
in theprevioustwo sections.This is illustratedby the left part
andby the straightportionsof the two lower bold lines in the
right partof Fig.??. In betweentheremustof coursebesome
transitionbetweenthe two situations.In the representationof
Fig.?? thattransitiontakestheshapeof a parabola.

In mathematicalterms:A suddendiscontinuityin the first
derivative of the physical attitude (i.e. in the scan rate) is

4 This couldbeaÜ ectedby a micro-meteoroidhit or by anattitude
controlgasjet firing.
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Fig.5. PhysicalattitudeÝ i andastrometricattitudeÝ c asfunctionsof
time.For clarity andeaseof presentation,thedi Þ erenceto thenominal
attitudeÝ nom is plotted,whereÝ nom is theattitudefor constant,nomi-
nal scanrate.At someinstantof time (markedby theverticaldashed
line) a suddenchangein thephysicalscanrateis assumed.For more
explanationsseetext.

Fig.6. Scanrates,i.e. time derivativesof thephysicalattitudeß i and
astrometricattitude ß c asfunctionsof time. As for Fig.?? a sudden
changein the physical scanrate is assumedat the instant of time
markedby theverticaldashedline. For moreexplanationsseetext.

smearedinto two separatediscontinuitiesin thesecondderiva-
tive of the astrometricattitude.The two discontinuitieshave
di à erentsigns,areseparatedby texp andhave absolutevalues
of á"âäã¦å texp. The net result is that, asderived in the previous
section,the astrometricattitudeeventually ‘lags’ behind the
physicalattitudeby texp å 2 in time,andby âÎæ texp å 2 in angle.

An even more graphic and plausiblepresentationof the
samefact is given in Fig.?? by plotting the derivative of the
attitudeinsteadof its di à erenceto the nominal.Chargesread
out from the CCD beforethe instantof the discontinuitydo
not know anything aboutthe future. Thus the astrometricat-
titude derived from them representsthe nominal scanspeed
(left). Chargesreadout more than texp after the discontinuity
have “seen”only theincreasedscanrate.Thustheastrometric
attitudederivedfrom themrepresentstheincreasedscanspeed
after the jump (right). Chargesreadout texp å 2 after the jump
have experiencedthe nominalscanspeedover half of the ex-
posuretime,andtheincreasedoneovertheotherhalf.Thusthe
astrometricattitudederived from themindicatesa scanspeed
halfwaybetweenthetwo othervalues.

The characterof the astrometricattitudefor moregeneral
casesis easyto deducefrom the above considerations:It is
a smoothedandsomewhat ‘retarded’averageover the physi-

cal attitude.A slow sinusoidalvariationof the physicalscan
speed,for instance,would betransformedinto a phase-shifted
sinusoidalwith a very slightly reducedamplitude.For a quick
sinusoidalvariationthe remainingamplitudewill stronglyde-
pendon theprecisefrequency (beingzeroif theexposuretime
is an integer multiple of the period of scanspeedvariation),
while thephaseshift alwaysremainsat theequivalentof texp å 2.

4.4. Different attitudes in different instruments

As alreadyindicatedin Figs.??and?? theastrometricattitudes
aredi à erentfor di à erentGaiainstruments,becausetheirexpo-
suretimes are di à erent.They would be identical if andonly
if the physicalscanspeedwould be strictly constantover the
wholemission(whichit is not).Thisis themostimportantfind-
ing of thispaper. It is alsotheonewith thegreatestastrometric
eà ect.

That the eà ect is very big will be demonstratedpresently.
But moreimportantly, it is easyto show thatthedi à erencebe-
tweenthe astrometricattitudesof di à erentinstrumentsfor a
real (unknown) physicalattitudeis highly non-trivial (in con-
trast to the impressiongiven by the idealizedcasediscussed
in the previous section).In Appendix?? we prove that even
in theabsenceof any noiseit is mathematicallyimpossibleto
computethe astrometricSpectroattitudefrom the astrometric
Astroattitude,or viceversa.

However, thetruemeaningof thequantity âÎæ introducedin
Section?? is not a deviation of theactualphysicalscanspeed
from the nominal one,but a deviation of the TDI clock rate
from theactualphysicalscanrate.Thus,thenewly discovered
‘attitude lag’ eà ectwould disappearif onewould usethecor-
rect TDI clock rateat all times.But suchdeviationsbetween
theTDI rateandthephysicalscanrateareunavoidablein prac-
tice. Thereis no way to obtaina suç ciently precisereal-time
knowledgeof thephysicalscanrate5. Furthermore,suchdevi-
ationsareperfectlyacceptablefor themission.If they arekept
within reasonablelimits they will nothaveany significanteà ect
on theastrometricprecision,nor on thephotometricprecision
or theangularresolutionof theinstruments.

In the Gaia astrometricinstrumentsand photometers,the
corepeaksof theopticalpoint-spreadfunctionshave a diame-
ter of four or five pixels.An unavoidableTDI smearof half a
pixel 6 is addedto this,dueto thesaw-toothpatternin Fig.??.
As longasthedeviationbetweentheTDI rateandthephysical
scanratedoesnot causemorethan,say, half a pixel of addi-
tional imagesmear, theimagesarenot significantlyaltered.

To determineon the size of the ‘attitude lag’ eà ect, let
us assumea (practicallynegligible) 0.1-pixel smearover the
Astro CCDs with 4500 pixel rows along scan.Thus â æéè
60” å så 10å 4500 è 1ê 33maså s. This (not quite incidentally) is
thetypical peak-to-valley variationof the ‘absoluterateerror’

5 This wassomewhat di ë erentfor Hipparcos.Therethe sky map-
persyieldedan independentscanvelocity estimateof suì cient pre-
cision.For Gaiathis would necessitatecentroidingandcalibrationof
sky mapperimagesto 10í 3 Airy diameters,which is unrealisticbe-
causetheseimagesarenotwell sampled.

6 morepreciselyhalf a quarterpixel, seeFootnote??.
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for Gaiafrom the attitudesimulationspresentedin Fig.3.5.5-
A of the Final Report on the Gaia SystemLevel Technical
ReassessmentStudy(?).

Table?? presentstherelevantnumericalvaluesfor thevar-
iousGaiainstruments,alongwith theresultingsizeof the‘atti-
tudelag’ eî ectwith respectto theastrometricattitudederived
from Astromeasurements.

Thus, if one would naively use the high-precisionastro-
metric attitude from Astro for the astrometricinterpretation
of Spectromeasurements,discrepanciesof the order of sev-
eral milli-arcsecondswould arise.Since thesediscrepancies
would vary with time (in parallelto thetime variationsof ïeð ),
but would at any time be identical for all simultaneouslyob-
served stars,onewould interpretthemasa time dependence
of the geometriccalibrationof Spectro.In other words: The
SpectroCCDswould apparently“float around”on the focal-
planeassemblyby several milli-arcsecondson timescalesof
theorderof 50s(seethealreadymentionedFig.3.5.5-Aof the
FinalReportontheGaiaSystemLevelTechnicalReassessment
Study(?)).

This is not just a funny oddity, but would have real scien-
tific drawbacksif unaccountedfor. This will be discussedin
Sections?? and??.

Note that the biggestnumberin Table?? hasno scientific
eî ect. In the Spectroa shift of 5.7mascorrespondsto only
0.02“Airy” radii of theopticalpoint-spreadfunction,or ashift
of 0.08kmñ s in radialvelocity.

4.5. Separate astrometric reductions for different
instruments?

Thestatementthat it is mathematicallyimpossibleto compute
theastrometricSpectroattitudefrom theastrometricAstro at-
titude (or vice versa)leadsto the question:Would it thusbe
necessaryto performseparateastrometricreductionsfor di î er-
entGaiainstruments?

Theansweris no.Firstof all, thesourceparametersandthe
global parametersare independentof the instrument(except
for the unresolved binaries).Thus the steps‘sourceprocess-
ing’ and‘global processing’of Gaia’sGlobalIterativeSolution
(GIS,see?, Section9.5,and?) neednot berepeated.Separate
calibrationprocessingis necessaryanyway, regardlessof the
‘attitude lag’ eî ect. Consequently, that eî ect would at most
forceseparateattitudeprocessings– if no bettersolutioncould
befound.

An approximatesolutionis suggestedby Fig.??: If ïeð is
suò ciently constantover time intervals longer than the rele-
vant exposuretimes, we can use Eq.(??) or (??) to correct
for the ‘attitude lag’ eî ect. More quantitatively, after sucha
correctionthe remainingerror would clearly be of the order
of ( ï texp ó 2)2 dïÎð ó dt. Again using the characteristicsof the
physicalattitudeindicatedby theafore-mentionedsimulations
(specifically:assuminga quasi-sinusoidalvariationof ï ð with
a peak-to-peakamplitudeof 1.33masñ s anda typical periodof
100s) theremainingerrorwould beof theorderof 770ô asfor
the correctionfrom Astro to Spectro.This is closeto negligi-
ble. In the caseof the correctionfrom Astro to Astro gateno.

Table 1. The sizeof the ‘attitude lag’ eõ ect of variousGaiainstru-
mentswith respectto Astro, themainastrometricinstrument.Theas-
sumednumericalvaluefor ö�÷ is 1.33masø s, asexplainedin the text.
The abbreviation ‘St. Tr.’ meansthe Gaia star trackers,assumedto
have essentiallyzeroexposuretime.

Instrument texp ù ö texp ú 2 ù öüû ù ö texp ú 2 ù
Astro 3.3s – –

Spectro 12.0s 4.3s 5720ý as
St.Tr. 0.1s 1.6s 2130ý as

Astro,gate11 1.5s 0.9s 1200ý as
Astro,gate9 0.38s 1.46s 1940ý as
Astro,gate3 0.006s 1.65s 2200ý as

3, the remainingerror would be of the orderof 110ô as.This
is of the sameorderof magnitudeas the pixel-periodicjitter
eî ect(seeSection??) andmuchlargerthanwhatis envisaged
asmeasurementprecisionfor bright stars.

Thismeansthatin thecaseof theSpectroinstrumentanex-
tremelysimplea-posterioricorrectioncould reducethe prob-
lem to acceptablelevels – if the physical attitude is suò -
ciently smoothon timescalesof a few exposuretimes. Note
thattheamplitudeof thevariationsin physicalscanrateenters
the remainingerroronly linearly, while their frequency enters
quadratically. The actualquality of the simplecorrectionwill
have to be investigatedfurther, usingmoredetailedcharacter-
isticsof Gaia’sexpectedphysicalattitude.It maywell turn out
that separateattitudereconstructionsareindeednecessaryfor
the di î erentinstruments.However, the roughestimatein the
precedingparagraphmakesthis appearnot very likely.

5. Astrometric consequences II: Source modelling

Throughoutmostof Sections?? and?? we have assumedthat
the properdirection to the observed sources(representedbyþ&ÿ

) doesnot changeover theexposuretime. In reality, thefirst
termin thecentralequationinvestigatedin thispaper(Eq.(??))
is an integral over the exposuretime as well. From Eq.(??)
it is obvious that the true meaningof

þ ÿ
in all equationsof

Sections?? and ?? is the averageof
þ ÿ

(t) over the exposure
time.

For all objectswith suò ciently small (andñ or suò ciently
smooth)changesof properdirection over the exposuretime,
this canbeapproximatedby

þ ÿ
(ttr � texp ó 2).

More precisely, and following Eq.(??), the eî ective time
of observationis

tobs
� 1���
� � e(t)dt

���
� � e(t)tdt � (17)

Using
þ ÿ

(ttr) insteadof
þ ÿ

(tobs) would causeparticularly
strongastrometricdiscrepanciesin thecaseof solar-systemob-
jects.A typical minorplanetobservedby Gaiahasanapparent
motionof theorderof 0.5’ñ h to 1’ñ h, i.e.8masñ s to 17masñ s.

Theeî ectis alsorelevantfor stars.For Gaiatheaberration
of star light changesby up to 4 ô asñ s due to the heliocentric
accelerationof thespacecraft(for ageocentricorbit theeî ectis
two ordersof magnitudegreater).Neglectof thiswouldcausea
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quasi-sinusoidalvariationof Gaia’sbasicanglewith theperiod
of thespacecraftrotationandanamplitudeof upto about6 � as
(for theAstro instrument).

Thereis an interestingconsequenceof Eqs.(??) and(??):
Both the e� ective 	�
 (from Eq.(??)) as well as the ’attitude
lag’ e� ect(from Eq.(??)) will bechangedif thereis a blocked
CCDcolumn.Thismeans:

1. BlockedCCDcolumnswill haveaverynoticeablesystem-
atic astrometrice� ect.

2. This e� ect canbe usedto find the along-scanlocationof
theblockon thechip.

6. Astrometric consequences III: CCD gates

Theresultsof theprecedingtwo sectionsareof particularim-
portancefor the reductionof bright starswith Gaia if CCD
gatesarebe usedfor their measurement.The gateswill lead
to very shortexposuretimesfor bright stars.Thustheir actual
time of observation will be very closeto the readoutinstant,
andthe astrometricattitudethat they ‘see’ will includemuch
moreshort-periodnoisethanthatfor thefainterstars.

Thereis a furthere� ectof the gates:If thegatesareto be
usedto acquirean initial attitude,the ‘attitude lag’ e� ectwill
belargely absentfrom thatattitude.It will appear, however, as
soonasthe full Astro CCDsareusedin theoperationalhigh-
precisionreal-timeattitudecontrolscheme.We guessthat this
hasno practicalconsequences,but maybe relevant for Gaia’s
attitudecontrolsystem.

7. Photometric consequences: Source modelling

All that in Section?? wassaidaboutsourcepositionof course
holdsfor sourcebrightnessaswell. Thee� ectivetimeof obser-
vationfor Gaia’sphotometryis not ttr but half anexposuretime
(i.e. up to a few seconds)earlier. For a photometrist,who is
usedto long exposuresand,at thesametime, rapidchangesof
his� hersourceparameters,this is a trivial statement.It is added
herefor completenessonly. With the shortexposuretimesof
Gaiathedi � erencebetweenttr andthemeantime of observa-
tion will be photometricallyrelevant for very few sources,if
any.

8. Discussion and conclusion

8.1. General

We have found a mathematicallystrict definition of an astro-
metricattitudefor observationsdonein TDI mode.Thisdefini-
tion

– retainstheformalismof a transitinstrumentandputsit on
a firm mathematicalandphysicalbasis,

– reflectsthetime-averagingnatureof themeasurementpro-
cess,

– usesonly theactualobservablesfrom theTDI output.

Any alternativedefinitionof theattitudewould not remove
the e� ects discussedin Sections?? and ??, but would only

make themmoreobscure.Theattitudes‘seen’by instruments
with di � erentexposuretimesareintrinsicallydi � erent,because
they areaveragesover di � erenttime intervals.This cannotbe
eliminated,asshown in Appendix??.

However, in practicethiswill notbeaproblem,asarguedin
Section??: A verysimpleapproximatetransformationbetween
di � erentinstrumentswill normallyyield su
 ciently high pre-
cision. Only very repid changes(discontinuities)of the scan
ratemayhaveapracticale� ect.

Similarly, theconsequencesof ouranalysisonsourcemod-
elling (Sections?? to ??) areimportantin size,but aretrivial to
implement.

8.2. Practical consequences for Gaia

Thepracticalconsequencesfor thespecificcaseof Gaiacanbe
summarisedasfollows:

– The traditional formulation of the observation equations
canbekept.

– Thetraditionalformulationof thedatareduction,especially
of attitudedetermination,canbekept.

– The time lag e� ect must be taken into accountwhen in-
strumentsof di � erentexposuretimesare involved. In the
presentGaiadesignthis is relevantonly for observationsof
bright starsusingCCD gates.

– Thesourcemodellingmusttake into accountthedi � erence
betweenthee� ectivetimeof observationandreadouttime.
This is especiallyimportantin the astrometryof asteroids
andin thephotometryof rapidlyvariablestars.

– All this mustbeincludedin theGaiasystemsimulatorand
in theGaiadatareduction.

– For bright starsobserved with gates,threeproblemsoc-
cur: reducedattitudesmoothing,large time-lage� ect and
reducedaveraging-outof CCDirregularities(pixel-to-pixel
variations).Thismayarguein favourof bright-starastrom-
etry usingdi � ractionspikesratherthanusingthegates.

Appendix A: Detailed algebra

In this sectionwe will demonstratethat for scanspeedsthat
will notdeviatetoomuchfrom thenominalonethereis aTDI-
inducedperiodic jitter in the caseof incorrectclocking anda
non-integerexposuretime (andonly in this case).It alsowill
beshown that this e� ect is negligible for typical CCD sizesof
a few thousandpixels.Unlike in Section4 we will not assume
continuousshifting but discreteshifting,andthereforeretroac-
tively justify theresultsof thatsection.

A.1. Correct clocking

For simplicity let us definethe attitudeof the instrumentby
	 i(t) ��� t � t (seeSection??). This is alwayspossiblefor a
satelliterotatingwith nominalscanratebecausethezeropoint
of thelongitudecoordinateonthesky canbechosenarbitrarily
(seeEq. (??)). Thus the instantaneousdatapixel location of
a star imageis ��
 (t) ��	�
�� t � k(t) ��� tr (Eq.(??)) with � tr
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Fig.A.1. Thecomputationof theintegralof thestepfunctionbetween
tenter and tleave; this integral equalsthe di � erenceof the two areason
theright-handsideof thesketch.

o� set7 from � leave by � tr � � leave � 1
2. Without lossof generality

we set � leave � 0; the zeropoint of the field-of-view angleis
likewisearbitrary. Theinstantaneousdatapixel locationof the
starimageis therefore

��� (t) �� �"! 1
2 � t ! k(t) #

Thedatapixel locationof thecentroidof thestarimageatany
time t is then

�
c(t) � 1

t � tenter

t

tenter

��� ($ ) d$

�% � ! 1
2 �

1
2(t � tenter)

$ 2
t

tenter

! 1
t � tenter

t

tenter

k($ ) d$&#

Accordingto Fig. ?? theintegralof thestepfunctioneasilycan
beexpressedby thedi � erenceof thesurfaceareabelow thestep
functionin theinterval [k(tenter) ' k(tleave)

! 1] andthetwo shaded
stripsshown in the right-handpanelof Fig. ??. Thereforewe
find

�
c(t) �% �"! 1

2 �
t2 � t2enter

2(t � tenter)
! 1

t � tenter

k(t)

i ( k(tenter)

i

� ((tenter � k(tenter))k(tenter)
! (k(t) ! 1 � t)k(t))

�% �"! 1
2 �

t2 � t2enter

2(t � tenter)
! 1

t � tenter

k(t)

i ( 1
i �

k(tenter)) 1

i ( 1
i

� (tenter � k(tenter))k(tenter)
! (k(t) ! 1 � t)k(t)

t � tenter
#

Sincethesumof thefirst n naturalnumbersis 1
2(n2 ! n) wecan

rewrite thisas

�
c(t) �% �"! 1

2 �
t2 � t2enter

2(t � tenter)
! 1

t � tenter

* 1
2

k2(t) ! k(t) � 1
2

(k(tenter) � 1)2 ! k(tenter) � 1

7 +
tr and + leave di � er by (nearly)half thesizeof onepixel because

the centroidsof the optical and the charge imagesdi � er by exactly
thesameamount,respectively. Thereasonfor this is thatthecentroid
of the charge imageis the averageof the datapixel location of the
instantaneousstarimageover theexposuretime (seealsoSection??)
This centroidwill lie half a pixel behindthe centroidof the optical
imageat theendof theexposuretime for all starsthatentertheCCD
at exactly a TDI clock stroke, and very nearto half a pixel behind
that imagefor all starsenteringthe CCD at somearbitrary time for
su, ciently largeNpx.

Fig.A.2. - (t) .0/21 (dashed)and- c(t) .0/21 (solid)asafunctionof time t
for correctclocking.Thedottedline indicatestheresult- c(t̃) .3/ 154 0
for any t̃ 4 tenter 6 n, n a naturalnumber. Theupperplot displaysthe
resultsfor anintegertenter, thebottomplot shows theresultsfor anon-
integertenter.

� (tenter � k(tenter))k(tenter)
! (k(t) ! 1 � t)k(t)

t � tenter

�� �"! 1
2 �

1
2

(t ! tenter)

! k2(t) ! k(t) � k2(tenter)
! k(tenter)

2(t � tenter)

� tenterk(tenter) � k2(tenter)
! k2(t) ! k(t) � tk(t)

t � tenter

�� �"! 1
2 �

1
2

(t ! tenter) �
k2(t) ! k(t) � k2(tenter) � k(tenter) � 2tk(t) ! 2tent7 k(tent7 )

2(t � tenter)

�� � ! 1
2 �

1
2

(t ! tenter) � k(t) ! 1 � 2t
2(t � tenter)

k(t)

! k(tenter)
! 1 � 2tenter

2(t � tenter)
k(tenter) # (A.1)

Fig. ?? showsa schematicillustrationof � c(t) �8 � .
In particularweareinterestedin thedatapixel location� c of

thestarimageat time tleave. Let usdefinea 9 t suchthat tenter �
k(tenter)

! 9 t. For any time t̃ � k(t̃) ! 9 t wefind from Eq.(??)

�
c(t̃) �� �"! 1

2 �
1
2

k(t̃) ! k(tenter)
! 29 t
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: k(t̃) ; 1 : 2k(t̃) : 2< t

2 k(t̃) : k(tenter)
k(t̃)

; k(tenter) ; 1 : 2k(tenter) : 2< t

2 k(t̃) : k(tenter)
k(tenter)

=%>�? ; 1
2
: 1

2
k(t̃) ; k(tenter) : < t

: 1 : k(t̃)
2 k(t̃) : k(tenter)

k(t̃) ; 1 : k(tenter)
2 k(t̃) : k(tenter)

k(tenter)

;"< t

=%>�? ; 1
2
: 1

2
k(t̃) ; k(tenter)

: k(t̃) : k(tenter) : k2(t̃) ; k2(tenter)
2 k(t̃) : k(tenter)

=%>�? : 1
2

k(t̃) ; k(tenter) ; k2(t̃) : k2(tenter)
2 k(t̃) : k(tenter)

=@>�?BA

Sincetheexposuretime is necessarilyassumedto beinteger(a
non-integerexposuretime is not possiblein thecaseof correct
clocking)we cansett̃ = tleave andfind

C
c
: > ?ED C

c(tleave) : > ? = 0

In thecaseof correctclockingandintegerexposuretime there
areno periodicpixel eF ects.

A.2. Incorrect clocking

Let usnow assumethatthesatelliteis rotatingslightly faster(or
slower)sothattheangularvelocityof thesatelliteis G = 1;3<IH .
Theinstantaneousdatapixel locationof thestarimagethenis

C ? (t) =�>�? ; 1
2
: (1 ;J< H ) t ; k(t) A

Thecomputationof thedatapixel locationof thecentroidof the
starimageis identicalto thatin Section??. Only theintegration
of > i(t) hasto be modified,but the changesaretrivial. Hence
wecandirectly write (in analogyto Eq. (??))

C
c(t) =%>�? ; 1

2
: 1 ;8<IH

2
(t ; tenter) : k(t) ; 1 : 2t

2(t : tenter)
k(t)

; k(tenter) ; 1 : 2tenter

2(t : tenter)
k(tenter) K (A.2)

which also reducesto Eq. (??) for < H = 0. Fig. ?? shows a
schematicillustrationof C c(t) : >�? .

A.2.1. Integer exposure time

As in Section??wecandefinea < t by < t
= tenter

: k(tenter). For
any t̃ = k(t̃) ;J< t we directlyfind

C
c
: >�? D C

c(tleave) : >�?L= :NMPO2 (tenter ; tleave)

Thearithmeticis identicalto that in Section??, only theaddi-
tional term : MQO

2 (tenter ; tleave) doesnot vanish.So, in the case
of incorrectclocking and integer exposuretime thereare no
periodicpixel eF ects.

Fig.A.3. As Fig. ??, but for incorrectclocking.Herethe dottedline
representstheresultR c(t̃) S"T2UIVXW O2 (tenter Y tleave) for any t̃ V tenter Y n.

A.2.2. Non-integer exposure time

Let us – first of all – searchfor thosecombinationsof tenter

and tleave for which even in the caseof non-integer exposure
time therewill be no periodicpixel eF ect.To find thosepairs
(tenterK tleave) we haveto solve theequation

C
c(tleave) : > ? ; < H2 (tleave ; tenter)

!= 0 A (A.3)

To keepthearithmeticmanageablelet usdefinesomevariables.
For somearbitrarytimest1 andt2 we definethedi F erences< 1

and < 2 as < 1
= t1 : k(t1) and < 2

= t2 : k(t2). Additionally we
renamek(t1) ask1 andk(t2) ask2. If we identify tenterwith t1 in
Eq. (??) andwant to computeC c(t) : > ? ; MPO2 (k(t) ; k(t1)) at
sometime t2, for which this expressionshouldvanish,we find
from Eq.(??)

0
!= 1

2
: 1

2
(k2 ; k1 ;8< 2 ;8< 1) : k2 ; 1 : 2k2

: 2< 2

2(k2
: k1 ;J< 2

: < 1)
k2

; k1 ; 1 : 2k1
: 2< 1

2(k2
: k1 ;8< 2

: < 1)
k1
A

Multiplying thisexpressionby thenominator2(k2
: k1 ;B< 1

: < 2)
yields

0
!= (k2

: k1 ;Z< 2
: < 1)

: (k2 ; k1 ;8< 1 ;J< 2) (k2
: k1 ;8< 2

: < 1)
: (1 : k2

: 2< 2) k2 ; (1 : k1
: 2< 1) k1
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[ k2 \ k1 ]J^ 2 \_^ 1

\ k2
2 \ k1k2 ] k2 ^ 2 \ k2 ^ 1 ] k1k2 \ k2

1 ] k1 ^ 2 \ k1 ^ 1

] k2 ^ 1 \ k1 ^ 1 ]8^ 1 ^ 2 \`^ 2
1 ] k2 ^ 2 \ k1 ^ 2 ]J^ 2

2 \_^ 1 ^ 2

\ k2 ] k2
2 ] 2k2 ^ 2 ] k1 \ k2

1 \ 2k1 ^ 1

[ ^ 2 \`^ 1 \_^ 2
2 ]8^ 2

1[ ( ^ 2 \_^ 1) (1 \ ( ^ 2 ]J^ 1)) a
If we returnto our conventionalnotation(t2 [ tleave and t1 [
tenter) wefind thattherearenopixel periodiceb ectsin thecase
of incorrectclockingif andonly if

1a ^ leave
[ ^ enter: caseof integerexposuretime or

2a ^ leave
[ 1 \c^ enter

(A.4)

Fig.?? plots the term d c \fe�gL]h^Ii (tleave ] tenter) j 2 asa func-
tion of e2g for incorrectclocking and a non-integer exposure
time. It is obviousthat ^ tleave \c^ tenter never vanishesandthat
pixel periodiceb ectsvanishwhenever thesumof thedecimal
placesof tenter andtleave equals1. Fig.?? shows theexpression
d c \Xe g ]X^ i (tleave ] tenter) j 2 asa function of tenter and tleave.
The two symmetriesindicatedby Eq.(??) areclearly visible,
andfrom thebottomplot we candirectly readob the location
of the maximaof the pixel periodic jitter: they are locatedat
( ^ tenter

[ 0k ^ tleave
[ 0a 5), at ( ^ tenter

[ 1k ^ tleave
[ 0a 5), at

( ^ tenter
[ 0a 5k ^ tleave

[ 0) andat ( ^ tenter
[ 0a 5k ^ tleave

[ 1).
With this knowledgewe can calculatethe magnitudeof this
pixel periodiceb ect.To seethe dependenceon theCCD size,
i.e. Npx, we setk(tenter) [ 0 (which is alwayspossible)andre-
placetleave byk(tleave) ]N^ leave

[ Npx ]N^ leave for sul cientlysmall
deviationsfrom the nominalscanspeed.Thuswe canrewrite
Eq.̇(??) in theform

d c(tleave) \�e g ] ^ i2 (tleave ] tenter)

[ 1
2 \

1
2 ^ enter ] Npx ]Z^ leave

\ Npx ] 1 \ 2Npx \ 2̂ leave

2(Npx ]8^ leave \_^ enter)
Npx a

Insertingoneof the maximumpixel periodiceb ect locations
(e.g. ^ enter

[ 0 and ^ leave
[ 0a 5) we find a maximumpossible

eb ectof

d c(tleave) \�e g ] ^Ii2 (tleave ] tenter)

[ 1
2

1 \ Npx \ 1
2 ]

N2
px

Npx ] 1
2

[ 1
2

1 \ Npx \ 1
2 ]

((Npx ] 1
2) \ 1

2)2

Npx ] 1
2

[ 1
2

1 \ Npx \ 1
2 ] Npx ] 1

2 \ 1 ]
( 1

2)2

Npx ] 1
2

m 1
8Npx

a (A.5)

Note that Npx in this considerationis the total numberof
chargetransferstepsalongscan,not thetotal numberof phys-
ical pixels (asalreadybriefly notedin Footnote??). For large
Npx theeb ectis negligiblecomparedto theerrorsthatarisedur-
ing thedatareductionprocessandto any conceivablemeasure-
mentnoiselevel. In caseof Gaia the maximumTDI-induced

Fig.A.4. n tleave o n tenter (top), n tleave p n tenter (middle)and q c psr2tuo
nuv (tleave o tenter) w 2 (bottom)asa functionof r2t for incorrectclocking
anda non-integerexposuretime.

periodic jitter is 0.31 x as for the Astro CCDsand35 x as for
the SpectroCCDs(correspondingto 0.5 kmy s in radial veloc-
ity). Both eb ectsarenegligible comparedto themeasurement
precisionfrom individualCCDtransits.

For optical images(point-spreadfunctions)spanningsev-
eral pixels the actualpixel-periodicjitter will be smallerthan
the maximumeb ect given by Eq.(??), dueto averagingover
di b erentpartsof the image.This is why thepixel-periodicjit-
ter will benegligible evenfor Astro measurementsusinggates
(i.e. muchfewerpixels).

Appendix B: Computation of Spectro attitude from
Astro attitude is not possible

In this appendixwe prove that the computationof the astro-
metricattitudefor theSpectroinstrumentfrom theastrometric
attitudeof theAstro instrumentis not possible,evenin theab-
senceof any noise.
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Fig.A.5. z c {}|2~��_�0� (tleave � tenter) � 2 (bottom)asa function of tenter

and tleave for a CCD with 2048transferstepsin scandirection.The
time at which the star imageentersthe CCD is set to lie between0
and1 which is alwayspossible.The sketchat the top is to illustrate
thedistributionof ��� in thetenter-tleave-plane.

Let us denotethe astrometricattitudesof the two instru-
mentsby � Astro

c and � Spectro
c . From Section?? (Eq.(??)) we

know thattheseattitudesaretheinversefunctionsof � Astro
c ( ��� )

and� Spectro
c ( �2� ), respectively. So,to provethatone� c cannotbe

computedfrom theotherwould imply thatoneattitudecannot
be computedfrom the other. So,we canconsiderthe simpler
problemfor � Astro

c ( ��� ) and� Spectro
c ( ��� ).

By usingEq.(??) as the definition of � c, by insertingthe
definition of ��� from Eq.(??), andby assumingnominalTDI
clockingk(t) � t, we find (ignoringthenormalisationfactorof
theexposurefunctione(t) andtheconstant� 0 for simplicity):

� c( ��� ) �
���
� � e(t �8��� )��� (t)dt

�
���
� � e(t �8� � ) � � �c� i(t) � k(t) dt

��� � �
���
� � e(t �c� � ) � i(t)dt �

���
� � e(t �c� � )tdt �

Herewe have two trivial terms,andonecontainingtheac-
tualphysicalattitude� i(t). Ignoringthetwo trivial oneswecan
concludethat � c( ��� ) is essentiallydeterminedby the convo-
lution of the actualphysicalattitudewith the exposurefunc-
tion(s), in otherwords,by theaverageof thephysicalattitude
over thee� ectiveexposuretime interval for a starat � � .

In the Fourier domain the convolution transformsinto a
product.If we denotethe Fourier transformsof the functions
��� e��� by therespectiveupper-caselettersK � E��� wecanwrite
(againignoringnormalisationfactors)

KAstro
c � EAstro� i andKSpectro

c � ESpectro� i �
from which follows

KSpectro
c � KAstro

c
ESpectro

EAstro
�

This equationshows that thetransformationfrom Astro to
Spectrocanonly be doneif eitherEAstro hasno zeroes,or if
all zeroesof EAstro arealsozeroesof ESpectro. For box-shaped
EAstro andESpectro the Fourier transformsarescaledsin(� ) ���
functions, where � denotesthe frequency argument in the
Fourier domain.Eachof themhasan infinite seriesof zeroes
(at �%� n�5� texp for all integer numbersn exceptzero).These
zeroesobviously are at di � erent � , becausethe two texp are
di � erent(andnotsimpleintegermultiplesof eachother).

Thusthe lastequationabove cannotbesolved,evenin the
absenceof noise.As an asideit shouldbe mentionedthat as-
sumingexposurefunctionswhicharenot box-shaped(but take
the actual imagestructureinto account)would only produce
morezeroesin theFouriertransforms.

Theseconsiderationsalsohold for the computationof the
astrometricattitudefor Astro observationsusinggates(i.e. for
thebright stars)from thehigh-precisionAstroattitude.
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